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SUMMARY
Our object is to obtain formulae for the number of
partitions of the lector .(n, , "•» , n.) into parts whose
J
components lie in certain congruence classes (modulo M),
where M, n, , — * , n. are all positive integers. The
asymptotic expression obtained for the generating function-
of multi-partite partitions enables us to consider all
large n1? •• , n. each of approximately the same order of 
J- J
magnitude. If M - p (a prime) partitions always exist.
For composite values of M non-zero partitions always exist if
the Sector (n-.,* n.)is ’'parallel” to a certain j-dimensional 
i J
"plane” which is determined by the residues (modulo M) of
the problem . This can be interpreted geometrically when
j=3. h7e find, even for large values of n-,,>.. , n., that
J
the chance of a non-zero partition of (n-,,- - - , n^) occurring 
is very small and in the asymptotic formulae obtained this 
is caused by the strong thinning effect of a certain 
exponential sum which is zero except when each 11^(1 j)
lies in a certain residue class (mod M). Certain special 
cases of these formulae are considered for j=2 . In order to 
estimate the number of partitions in these formulae the 
evaluation of a certain integral I (z-,,*" , z.) is required. 
This is considered in the last six sections where asymptotic 
expansions are obtained for I (z^, • , zj) when every zu
is small and approximate expressions are given for I (2 ^, • •• , 
when every zu is real. Finally, exact formulae are given when 
every z. is real and rational.
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}. Introduction
A multipartite number of order j is a j dimensional 
#ow i/ector whose components are non-negative integers and 
a partition of n2 > > nj ) a solution of the Rector
equation
' f- *■" * nJ's' ) = (“l* nj) O ' O
in multipartites other than (0, ; 0). Two partitions
differing only in the order of the multipartite numbers on 
the left hand side of (l.l) are considered identical.
We let b-j^, bg,*" , h j , M be any fixed positive
integers satisfying
1 ^ b u ^ M, for 1 < I < j. For each ^
(l < I S j) let f2(l) be an integer which can take all
values in the set 1, 2, —  , ^ ,  We let a( (t-) 9 Is ) be an
integer satisfying
0 a( fi (Is), U ) <  M
for I' ) = 1, 2, • , b l, , 1 ^ I, <  j . For each \s
(1 « ■ I * j) let
A ( fi(l) , lr- ) = jv : V = /a ) mod m]
where /2ft) is any fixed member of the set 1, 2,- • , b^.
Also let
K
A, = U A ( fiti) ' i b ), for 1 ^  I ^  j •
Then we consider solutions of (l.l) satisfying
Hck <2 ft i, (if 2)
j _  ----  •
• for & &  c k  t  f H U  J
• There is no loss of generality in using a single
modular (M) for all the components. We first suppose in the
bl-tti component (l ^ j) that we have several different 
moduli, say
for some Positive integer Ph .
le t b^jj 5 bi.,2 j fc>1/)p^  . b-e a n y  it,
fixed positive integers satisfying 
X C< b^.i -5' M (I.; i)
for 1 <. I ^ j , { 5* t ^ - Let ,
a ^ M (i $i )) he any integer satisfying
O <  < - M U j l )  , \
■for" 1,2, > fat-,u , i $ i ^ ft ’ I S. L * J ) .
For each £ 0 < [ £ j ) let
X/y3 (i,0 » M( I , i ) ) = |v : V = a^(l>9,M (P.,i )^ mod
where I is any fixed member of the set 1, 2, • , Jl,
and for each L ; ±s any fixed member of the set
1, 2, *** , j (1 ^ I ^ «j) •
Also let .
A ,  = U  U .
i-1
for 1 ^ I ^ j* Suppose we wish to consider all solutions
of (] I) satisfying
. fitk G f\\,
for each I (i <■ i j). For simplicity consider just the 
Ittx -component (is I s j ) and suppose for instance
n tk X  (mod M M )  ?
n LH = . < , , • • •  (modM(l,V),
7f a r  p O £ i  t i 'v-e r n ' t  e y $ &  i  ? ^ , 5  , I ^  t' ^  c i ♦ I S S $ C^ .
Then »r-f
Ml = . t e„m. {iM O '5
I / /
f k e r J Z  - z i c ) s t  p o S i  - t f u  *  i ' n t & j - e r s  ' $ h i  y . ' S b *  f  "  J  i ^ c
■ fo r  s o m e  f n ~ t e ^ - e . K  C y y  I 5 u c  b  fUet .
“ «•* = % >  %1,- - ’ %L,C (mod M, ).
If no  ^ exist then (I l) has no solution. For
example if
nj k ~ 3 (mod 4), n )ic ~ 5 -(mod 6)
then n ,K E  11 (mod 12). Hence we may take the same modulus 
throughout in the Hi -component. Call the modulus for the 
(ti- component fafj, (l <C I £ j). Consider the i ll component ,
^gain by repeating the above process we see there
exists p GSiti'u-e i ' y \  t-e<j-e.y s } ? cfi c'
f a y  i ' n ' t  - 4 ^ -ev~ c [  yy  i S u c k
n (k ~ - d h c' (mod M) , ' i * . f i J ,
where
M = I. c.m. Q4l9 «*- , Mj).
For example, if
n ]K = 1 , 3  (mod 4) ;
n2K = 3, 5 (mod 6), then
n IK r 1, 3, 5, 7, 9, 11 (mod 12),
niK r 3, 5, 9, 11 (mod 12).
2Hence there is no loss of generality in using a single 
modulus (M) for all the components.
We denote by p1 (n1 , - • , nj) the number of different 
partitions of (n^,— - , nj)into parts whose U -th components
satisfy (1.2) for 1 ^ I  ^ j, and by .-pgfn^, •» * , n j ) the
number of these partitions in which no part has a zero 
component. We let • j nj > <l) number of
partitions of (n-, , , n .) into-parts, no part being
-*• J! j
repeated more than times, whose I -th components satisfy
(1.2) for 1 < I £ j .
Finally?we. let p^(n^,'‘* n^ ; q ) be the number of 
partitions of (n^,"  , nj ) into parts, whose  ^ -th components 
satisfy (1.2) for 1 ^ I $ j, such that no part has a zero
component and no part is repeated more'than q times.
Our purpose is to obtain asymptotic expressions for these
four partition# functions valid under
 jV»-e3
n ^ ( , , nj <  n , as the n u-> ^  where
n ■= min j nj] and ^3 any fixed positive number.
We let p (n : ct ? M) denote the number of partitions
of a positive integer n into positive summands, congruent to
oi (mod M) where Q_ —  \ &  i M  ~ 3 ^  > (o <  &■ <■ M  ) -
This corresponds to the case when j=l. Applying the Hardy-
Ramanujan circle method as modified by Rademacher (l) P 
p(n; &*, M!) has been considered by (2) for M=6? by (3) for
M=5, .and by (h) for M=p (p&prifii-e ; p > 3 ^  • (/3j >
U t .  ' a *  = ia); m.-a,, M-a3>-- ar, M-aK j ,
to h-erg I i  ^^  (M ~ 0 , Hr\d I ^ t S- (M . 0
1 ^ t £ r, M = p ( p a  prime, p y/ 3). In all cases
use is made of the modular character of the generating 
function of p.(n, c* 1 M) and the fact that a* is symmetrical 
in the sense that a £ &  if and only if (M-a) 6 Cc .
In this case the generating function is a modular form so 
that Rademacherfs methods lead to a convergent series 
representation of the partition function. Grosswald (6) let
ct = ' ' > am^ a se^ m distinct least positive .
residues mod p (p a prime p ^ 3). If a * is not symmetrical 
then the above methods cannot be applied directly and only 
asymptotic results are obtained. By the use of a functional 
equation proved in (5) Isek<fc (lO) obtained a convergent series 
representation for p (n ; a*, M) where 
a  - | a , M-a}  ^ ' o <  a <  M,
g.c.d. (a j M) = 1 and M composite (M ^  3). If ^  ^  s«t
a* = ^a( , M-a, * , ar , M-ar^ ^ujh-eK-e. t~he.
g.c.d. (a, , • • a, y M) = 1, o  '< &i < M f 1 s' I £ r
this would take all the previous results in (except (6) ) as
!
special cases.
In the case when j y- 1 no such modular invariance for
the generating functions exists and to date only asymptotic
formula have been obtained with n, n. all of
19 9 3
approximately the same order. However since only asymptotic 
formulae are obtained?as in Grosswaldfs paper, the symmetry of 
the se.t of residues is no longer crucial.
Wright (yj has obtained asymptotic expressions for
10
a ( ( I- ),L ) = ), ( P  U  ) = 1, 2, - • , M),
1 •$>' I ^  2 which are valid for
. ■ -i •+ £*i 2 - &Z
nl n2 ^  nl and an^ fixed positive
£/ ^  * Later, Rohertson (i-3) generalised this
result for all j ^  2 where , -for sow-e nut-nb^r t
-  ; 7 
<* n as the n L-^ > , n r win {nt,j
for i * I < j . In "both cases the n Lk in the solutions
of (l.l) are congruent (modulo M) to a complete set of
residues for 1 ^ I ^ j. So in any solution of (l.l) the n ^
may take any integral values satisfying
o 5? n L i ; s§ n L , k >  l (  I =. 1, 2, •• , j) •
2. Notation. Proof of a preliininarv theorem*  T  ■   -9 - . - - - -* —  -   - - »>  ----
Throughout we let a, k, > , m, n, p ? q, r, . i, v, ,
/< , N, H, aL , b^ , ct , f(^), hj, , represent non-negative
r~
integers and j is used for an integer greater than one. C 
is a positive number not necessarily the same at each occurrence 
which may depend on M, r, , a^ but not upon any n^ , X^ , 
y • , ^  ^  . Total differential operations are denoted
by D and never by primes. Higher order total differential 
operations are denoted by D , D^, —  „ The numbers £ >. £-0 y £ l,
are positive numbers which can be regarded as small. The 
symbols ^  , o( ) and 0( ) refer to the passage of the
n u to infinity.
f f
We let x ]_,**• yx. be complex numbers such that
J
Re (x^) = y^> 0, 1 £ j- We let M be any fixed
positive integer and let a( fiCQ? Is ) be a set of fixed 
positive integers satisfying
0 <  a ( (s) ^  M
for i s Is ^  j. For any real number ^
let -
P-/(v i»” *>vj;<<) = = (l
and f or 1,
^ 3  ^Vl>“ *? vj » ) = (vl>'* t vj ; )
= 1 + e + e
<) .
J
e“ ;§i vl- x l , + ) _:l
' > (2-0
+ e (2-1)
where, for 1 ^ ^  bj,, 1 ^  ^  j
Vt, = a (fiQ'hC) •*■ h u  M : . (2 '3)
and h^ can take all non-negative integral values. Then we set
11 ]_ , b.i , ,
where, for r = 2 and k, v-.,*** , v. each take all positive
J
integral values satisfying C2 '^ ) while for r = 1 and 3 
v l> t Vj .each take all positive integral values satisfying 
(3"$) together with the zero value excluding v v < >  = = v^ = 0
If we let
12
pr(nif‘,tc f n i ) = t n i) for r = 1* 2 while
Pr (h^,“ * , nj) = Pr (n1,-*« , nj; q) for r = 3, zi and
set Pr (0,*»^ 0.) = 1 for all r then
fr (x i,e-‘«> x ; 2mi7 ) = fr (xx,‘- xj ; 0)
J
= fr (X l Xj)
c>6
^   ^r C^l9 * * )*
f?. t'
t),=0 npo
for m = 0, ±f5 ± 2, *•- . Later, in Section 5 we also need
to consider f r (xx, * * - 5 xj* c< ) f or c< 4 2mTT (m - o, ±.1, ±2,*‘* ). 
We now let J a r g Xj, 1 <T ^TT - ^  O' ,(o)
for / -S L ^ <1 and any fixed 6 ^ 0  and set
A. h j
^r (^1 >***> x i > ^  ^  — fr (x-
A/J-l
■r \"1»* *“ >xj 3 > ,  &7)
where
fr (x1?- > , x., O? ) =
In particular we have
o C  ) =
«X> oO r J
h/- d
e "  /
>1 = 0
for any fixed fi(C) > / fi(^) ^  Also let
Isevl- \oc^ 'l 9 and
r  °  ‘ J
j
L  ■" |tij I * We see that ^
_  lair
1 O g f2 (x-ji , ' * ' , xj}<< ) = e
r  s »
13
where
u (t)
t - i
x r ^ ^ r r r y
and
Q-l = a{ * 0 )
for any fixed fiCO > b {,( *
If 0 ^  /f tt / <^ 27T and r is any real number
U e = l + z L  • Bnf^) u” ,
(eu - 1) n=1 n j
where Bn (t ) is the nth Bernoulli polynomial. Hence, if
ft t <  27T jxg/J""1 -M"1,
LM*^  t^+^ u(t) = |
L * i
f1 + 1  ( M t ^ n
rpi n!
CO
X  Rst! ( z - i o )
S~0
where
~ 7-^j) =  ‘'V*J >
is a homogeneous polynomi a l  of degree S  in x , , x..
1 J
If we let
Si (t) =
Sr^
r-j^ i
R s t 9
S (t) = Sj (t) + Rjt 1>
G (t) = L u (t) - M“J S(t),
then
for
G (t) = M~j Rs
s*j-w
M  <  2rrjxg}'~1 M”1.
We now require
Lemma 1 . As t through real positive values
G (t) 0, Dk G(t) 0
for all k 1 and
f)Dk G( t) |
for all k > | t
Proof . From the definition of u(t) and S(t) 
G(t) ^  0 as t Let
4 -r  tx^M-a^ ;
I . /Z>» < t >  .  C O  ( « )  [ —
where
co (t) = I
t tn  (etx^W _ !)
So that
L u (t) = L * C D (t). pTf
L-i
It- j
i.=»
j k+ L (Sj xt c j  , 1
Dk"rcO (t)
tx. Cl
L-,1 (etx^  -i) 7
IS
where
%  = M ~ au ,
for 1 £  t j, Hence
L Dk u(t) = . <fii (t ) + (j)x (t ) + (p$ (t ) ^
where ^
0 t (t) = L * Dkc*>(th] f
t —i
a (t) = L( ^  Xt.0^)11. 1
t x p cu
t U '  (etx-M -l)
A -/
( t )  = 2 ( ) d r ( ‘fc)»
and
dr (t ) = L (^, ^  c<- )I- Dk"r CCs (t) . T T e V -
for 1-^ r.^ k - 1. ^ ( t )  is the sum of not more than C 
terms of the form *
4
a+1
I
* *  e* x‘-°^I* *
(e %
where
v
A B / < C, a + IE S i - k+ j ? &  t 7y Ct, /
for 1 ^ L- & j. Also, for 1 ^  r ^  k-1, dr (t) is the sum of
not more than C terms of the form
E ( S  x, c, -:).1.•«. . I I • \ J,t| u  l  • •
t a^+1
x t “ e ^ - 0 *- 
tar,, M(e M - i)
I b
where yfE/f< C, ■ a' + J  ^  = k - r ■ + j,
t - f
Si ! "V Cis's'/ / ■for 1 ^ L $ j . From their definition 
^<Ln  } 0 JL (t)? al 1 tend to zero as t so that
0/(^)> ^(t), all tend to zero as t 4
Hence
(t) ^  0 as t . '.(a 4/)
If t yy t0 = Tt/{2 /xg/M)
> t e « A j > / 1  + t y , a ,
for 1 <  I ^ j * Also, if t ^  te .
t XL M
(et x ^ M ^ )
<r
(e * 5ft. W _  1} 
1
1 + %■
= (t + i)/6fcy, ai.,)
for 1 ^ j . Therefore
e txt (M-a<,)
t  S t , a t
for 1 •S’ ^ ^  ^* ^ 0 that for t ^  to
^  1e txg. (M-ac,) 
T i( e y
, (V t/ it  I X  /
t Sf^:, (t if, M)f t - l
nfor 1 ^  I $  jy since implies that
/xj\  £  C for I SI* £ j * For t >  t0 1
10 *  (*)( ^  9 p !  ,h g.(k
t j+1M
~ ci'xgi'k Therefore
tJ+1
^  | < & ( t ) / d t V c / x g/k+J .
if t >  td ,
J , J  ^  ’“a+l I x * f
jxJ.
|0 £ * J
Therefore
C0
fl-4. /at sf c }xj
' i a
• frrj
“ — C /x gJ k+J,
Similarly,
r  Mi/d.t 4? C fxe,|k+j .
**0
Now by (2 • 13)
<o *a
5 1«* /(t)fdt «  s : \ K I  dt ?
^  c b g  { k + j,
anfl by (2 /.<,)
( 2 1 ? )  
(2 <4)
(3m S )
dt
for 1 £ K £  k~l . Also, for all t //
| DkS(t) / S  C r  f x J B . ts- 
S  C ]xep  . t-k-l .
So
S(t) •> 0 as t •
By fiil) and (2 18), g( t ) ^  0 as .
We have
c£)
c &
*tp *o
o£>
+ m " j
^  (Dk G(t)jdt ^  \ |L| |Dku(t)i'dt
^ I DkS(t)^dt , 
fc±  / j A  ■ ' < * >
2—  ifi J/fdr (t)idt + M- J ^ | D k S(t)/dt
*-£i i 0 >0
Hence by (2 -n), (2IS) '7 (2 ■ 1 b) an4 fi-n) p.
r**
Jtc I Dk GCt^'dt S' C l^lk+J •
Setting t = 7T (xgjf-1 M-1 in (x-ioi we obtain
H  i ns4!xJ'~^ 77 S  M~S
^ j j [ f +
^  C. Hence
|r s | ^  c m ? jX g is r r s
for s = o, 1, 2>*‘* ■ • If o ^  t ^ te
i-3 
( l  l U )
( S i  l l )
(2 i e )
(2 I V
S -
a W  ' l C i
/  ‘'e . ^
\/fDk G(t)|. Z  (s-J-l).- ( s - j - k + D ^ l  t0s-J“k 7
S-j+k-H
s' Cfyfk*‘l * y ~  (s-,j-l) • (s-.j-k+l) 9
-. o s •“ .i *“ k
S s * * H + \  2 •
. (2 - 2 0 )
Therefore by (2 -IQ) and (2..X0 )).
0 “ I Dk G ( t ) M  ^  C/xgf/k+j ' ' '
0
Proof of Theorem 1 , We let
B 1(t) = t - /""t.7 ~ i for all t ^  0. (fi'2-0
For all K > 1  define Bk (t) by, D Bk (t) = k where
for all ft 1
B2K(0) = (-l)k_1 Bk , B2k+1(0) = 0 (s.iz)
and B^ is the k-th Bernoulli number*
Let R be a positive integer. Then
r R
\ D G (t) , B, (t) • d t (-2-Z3)
J o  1  ‘
A"l j»\
= ) D  G (r+u). (u-J) du
= ^  [(u-1-) G(r+u)]o
y ~ c
l* *  . . . .
^  \G(r+u) du 9
t * c
c H  f R
= i G(o) + i G(R) + 21  G(r) - ) G(t) dt .
From lemma 1, as R the left hand side of fJ-23) tends to
2 K
( D G (t).B, (t) dt = X .  (-l)kDkG (o) . Bk+1(o)/(k+l)/.
VJ*. 1- t*t
. + w r n  l D2ff+1 G (t)--B2K*i(t) dt •
By (2 X 0  and (z-xZ? we see that for all t 0 and k 1
Bk (t) is bounded. Hence
. 20
f* .j K-i
\ D G( t )< Bx (t) dt = M y  (-1) . Bk.R2k+1 + 0(x„2l<+j)
2k
Also R-l f R
z :  G(r) —  \ G(t) dt = Dx + D2 + D3 ?
»-3l O
where
ft-!
Dx = y  )G(r) + M~J . K-
R-l
1)2 = M J Rj ~ dt f a  T f >
V  - !*{.(.) * .
o
As R4> 03 . R-1
I>1 = Y "  L  u(r) - M J y  St (r) ,
1--1
. 4-1 <*>
*  L  log f2 ) _ M-1 2 :  Rk 2 1  r ' ^ *
. KS-O . r*i
-  t- 1°S ^ 2  (x l * ) x j ) ” ^  ^ ^  R]£ »
- . K-C
R-\
,Rj'{ lo« ( i i t ) '
^  - Rj Y '
oS ^
- M~j^|LMju(t) - ;S1 (t ) - ^--| dt
= - M~«i (-Y* Rj + H) ,
where
H = H Xj ) = H ( x y  •> Xj • a(fi Q) 7 l\y^a( fi Q ) 1 j ))
(r 'x Ay)
= Y"Rj + \ ) LMJ u( t ) - S-, m  - J I dtrp  “<*>■ - S1<*)
Hence if we let R ^ < ^  in (2 23) we obtain
L  log ~2 (^.-/Xj) .
21
J -/
= M~^(H + .51 5 (j+l-k) li
K-i
K=c
+ y
k~l
(-iy \ b,..r
j + i  
2 | ^ jK • 2K+.i + o(x„“IVJ) ,
z R  s
If we use
(l - 2s) = (-1 )s- Bs ior s = o, 1, 2 '- 
*  2 s  J
define H by (2'2.*\) then by fa-7) we have
an d
Theorem f If j a r g / <£ - JTT- for I ^ V £ j and
any fixed gsi+'y O  ?
L log f2 (x13.v;xj)
= M -J I -  J
f l O P l  f ( j j -
* '  H i  (j+l-k)R
' /fKT O
Hytj
k + 0(x 2^+ J )& «
Next we consider the integral occurring in II in Theorem 1
where
H = Y* R j +
t S t f
r
L>r 
t
j-f
„  (e  - I )
R.
S-©
dt
The integral can be re-written as
c &
l m J (
'O
U  I » - (LtiJ)- 1 / 2 1  Rst H - l  + n x
A  Ur^^T) A T 3
_ n C 5 i—  _ -2L. cat
3 X  K e - 1? (exkt-l)
d t
for t $ k We now set
- 1
k %  zkl/ = xk ^I t  = X ^ t  
for 1 ^  t-S j, I-S k < j .  Hence 
I I = V  Rj + j"1 f (ur»). 2 5  KVx- -• zk,k+i>'"»zk,j)
k -  I  ’
L j ,  . ( i - z * )- Rj log
22
where
1 = 1 (Zkl, Zk k_lt Zk k+1>*”", zkJ)
= ^  h(u : Zkl, ••• , Zk ■k_1, Zk k+1,--- , Zkj) du ,
h(u - zk ,^ , Zjj. zk k+l> ‘ ' ‘ )
£_
-31
.1
(e uMV ~ l )  T ^ n j
L = p ]  zk£/^ and for s ><2
Bs = Rs ^ZkP ’ i Zk k-l> ^  Zk k+3.r*Zkj).
The integral on the right hand side of (2-zS) converge since
Re (x^) >  0 l.£ By and (2 S^') every
1 (zk l > zk k-1* z k k+l> ‘“ f zkj) converges provided 
Re(z. k ^ ) ^ °  for 3-$'k< j, 1 ^  P ^  j. The theorem of section 5
requires the values of the different I only when (a r g x^) = o(l)
for 1 £ ^ S j. Since Re (xt ) 0 for 1 ^ I £ j then
Re (zkl,)}> 0 for k and i'.j-f a r & (x ^) = 0 (3-), 1 ^ 1- ^  j.
By using Ca&chy!s theorem in the complex u-plane we have
(zkl»**'Zk k«*»3L* zk k-f»l9" j zkj )
= (Lm J)- 1 H (zkl,.‘ Zk k_lf zk k+i,'->Zkj)
— (LM^) . y'', Rj (Zk j, •••,Zk k_i> 1> Zk k+l > ‘ Zkj ).
So that
tt6
\ h (u; zkl, zk k_lf. Zk k+i,-;zkj ) du
G /* v
_ . .  P  r \ )
= f h (t ; zkl»‘"»zk k_i, zk k+l> "»zkj ) dt’
o
uili&r-e. u. - ocK*t , k ^ J
23
3.' DEFINITIONS
From the definitions of the in fr'i) and fl-Z)
we see that for all ?
J A ^ q + D V j , -  , (q+l)Vj; (q+l)<*)
%  (v,.--.v< ; of ) = At. (Vi,— . Vj; * )
^((q+lJVi,--, (q+1)Vj ; (q+l)c*)
so by (2-4) we obtain
log f3 (x1(..-)X -,oi) = log fj (x1?- Xj Oi) (3'0
- log fq ((q+ljxj,**', (q+l)xj; (q+l)<*)?
log (xq.-jxj;*) = log f2 (xj,— xj Joi) ■ (3-2)
- log f2 ((q+1 )xx, ••’> (q+l)xj; (q+l}*).
Also, by (21^ and'/!■$) for all
log Y 1 (x1,*.*? x . $ <*) (33)
J
—  ^ —
= log f2 (x1}-,Xj; ) + 2 !  log f2(xv ” ,xu-i,xi.+ir>x jSe0
LZ. I
3^—*
j _
+ ... + JT log f2 (x, ;<=?) ,
log ?3 (Xj.i.'y Xj;
log (Xj, **'» xj > °C)
Y ... Y
J
•J
+ 5 1  l0g T *1 xi.-l. ^ + 1 .  ••• x j > ° 0
+ Z  Z  l0& *4 (X1’ ' Xll"l’
M 4 K-tf”
£ 4
+
L~1
We now let 
T0„ = T
V mam
2  lo g  f ; 4 ( x j,  ; )  ■
2p = T2p (x i r  - ;xj) = £  (j+l-p).Kp (xx,-, Xj)
for all p 4 3y and
T2j = T2j (xl,-/xj) = Y*Rj (xi.'-,*j) ? 
' % v *  ( x i , - ^  V  = -  r 1 R j ( x i , - , X j )
for I £V  $ j . . We set 
t i p  = T i P ( x i / - » . x j )
“ T2p xj ) + ^y~ x u T2,p-l(x li'‘' J xj )
iiL .  ^
+ 21 ^ L \  X(-2 T2,p-2(xlf*Vl> xl,+l»"»xt!l _1, x +1,-pc. X
tr i H=ii+> n J '
+ + 2 1  x l “ ' xt--l» X U+1» *" x.i . T2> p-j+l(X[, )
for all p where lT! 2;-p = 0 for p ^ 0 ,
Next, set
<hjl/ . = *yV (Xqj - ) Xj )
= % *  ( x l / -  ; x j ) +
Xl’'”’Xl-l’ Xu+l’">'xj ^ +  ■ ■ -
1,-SI
+  f  J  V i > “* V i ’ \ +i>-xj)
2^1 ~i
tl/W ' *3^1/
We write
T3p = T3p (x 1j“ * J  xj )
2£>
= ( I - (q+i)p-^  (xj,'" , x.)
for all p / j and
T3j = T3j <x 1’-  > xj }
= log (^+|) . , x.)
j
+ , x .^-» t x i,fi * ' 9 xj )
j- i j
+ ^ _  > _ X ^  Rj~2 >'*’ > \-i » ^  *‘V Xj)
H~( Ssi»*1 -
• + - V  * £ xi'/ \  _ i : x l+i xj * VVj\
Also let
T 4p' = T4p (xj,-' , Xj)
= (1 - (q+l)p-J T2p (xlt" ; , Xj)
for all p / j and ■ .
T,tf = T4j < V  » xj)
= (log (q+1) ).Rj (xj, •*’ , Xj ).
We also write   — .
o- =■ T“ = T  = ■T' =oI 3jv i ;ijv ’ 30 li0 ?
fjo = . (xl»‘ " » xj ^
J
= J X  (gkl>*~ » zk k-1 * zk k+1» " » zki) ,
<c-t
and
T  10 = I 10 (x i> • •* » xj )
= —  ij ( 1°S (2Tf ) + log M + ) +
+ti C  log(^{a( /l|).+ V a (  fi(l)->£) /M
+ a( fl(Qyfy  ^ log N/kJ +
. i'-1 z tx(v,- **),
p=A v k=h v k 1
for any fixed f  CO , 7 ^  ^  ^
(1/ = 1, 2, *^  j) where the sum 2* is taken over the 
( .^) different ways of choosing V distinct integers 
£//" from -*•> 2>‘“» J* W© see that
T 10 = T 20 = t  ( J + 1 ) ♦ . ( 3 . s )
T30 = T 4o = ( |  - (q+l)_ j ) . £  (j+1)
We now deduce from Theorem 1, 6-i ))£3'/}(3'-3 ) ^hcl
L log fj. (xjj", xp (3 • L-)
_ b ,  V . 2 f a j ~ i  j
= M"j X -  X  j X _  Trp +I  t j v  X°g ^  K 0
Fa)-* (, P-o V'1
+ 0 ( X i- 2^ j )  .O
For /  ^L & j we set
x t = yl + where yt>  °; -77*/M & c < 2tt~ tt/^
Also, for all r let
y u  ^  y ^ r u
fS~!)
where
i  V q + 0
y^rt, = V  (Tro n r ' nj> . f 3<SJ
We set LR = yj '•>* y.
J 7
n
TrpR = Trp (y l>‘wjyj) 7 ^V j V  ~ ^VyV (yi, > Tj ) *)
and ~ T'yo (?! >" ? From (7/i!) we can choose
an integer IC such that K is the least positive integer for 
which
ri, rr o / y ^ y ,  yj') , , for
* >
and all r . So by (3*£) we have
■Zl
Also, for I £ £ let
2 C n  =
iff! /* 2 Ktj-i
L“". \ T *
l _ rP V-i
an
cr r:
t-!
b
where b^ is the number of residues (mod M) in the I -th 
component ( 1 ■$ j ).
The Evaluation of an Exponential Sum .
Later, in section 5> we need to evaluate ™
Q (j) = exp f^ JTl • y~ tlt,ui 
\ n  /
u iy>u>]
where the summation is over all those integers
ul,» O ^ u t ^ M-lj(i=l, 2,- > j ) satisfying the system
+ a( /^ vJ) ,j) u- r=r 0 (mod M) Ma( p(l) ) 1) u^ + * V-
for p  (i) = 1, 2, : • ■ , b t ( 1, 2 , ^ v j) .
We let for o s k * J ,
bj, >  2 ( £ = 1, 2, • • ) k), and
b^ = 1 {I = k+1, •' * > j ). so that the first k components
each have at least two residues in them, that is, at least
the residues (mod M)
a(l, i ), a(2, Is ) for 1 ^ U ^  k. We now show that the
system of equations
a( /2C\),t ) u { + + a (jS(t)jic) uk + • - + a i)pj^ 0 (mod M)
for /S(i). = 1, 2,*'-; bj, (l < t $ j) is equivalent to
' 2 8
a( | 3 I )U| + - • + a ( ij> k )uk+ * a (l, j )uj ~ 0 (mod M),
fax)
f ^u ^EE. 0 (mod M),5x  , rkUk ^  ^ (m°d M), •*' , rjUj=_ 0 (mod M) ? 
where
r^^J.jaihL ) - a(2,U), a(l,i/) ~a(3 ,(/),*“ “ , a( 1,1/) -a(b,/,l')* M |
for 1 < I $ k, and
.3;
r 1/ = M
for k + 1 ^ I ^  3 •
In f4-0 consider all these equations in which j l)
each take any fixed value for i = 2,3^**’ j. Then these
equations are of the form
a(l, 1) u^ + W  ZT 0 (mod M) 3
a (2 , 1 ) u-. + W  0 (mod M) •
a(h1, l) u1 + u/ ■ 0 (mod M) ;
for non-negative integral values of w  viepenehrt^oa &(ft(S)ol) ? 2 $ L $ J . 
Hence
£a(l, l) - a(2, l)} u.. - 0 (mod M ) 3
* «
£a(l, 1) - a(h1, 1)} U;L EE' 0 (mod M) .
Therefore
rlul 0 (mod M)
where
r1=,£.J.|a(l, 1) - a(2, 1 a(l, 1) - a ^ . l ) ,  m | •
Hence the system (A I) is equivalent to
(V*J
r^u^ —  0 (mod M),
a(l, 1) Uj + a( iZ ) u2 + . . • + a( fi {3J; j ) u ~  0 (mod M) 9
0
for ) = 1, 2, • , b, ( i- = 2, 3, •• , j).
We'now repeat the procedure on (A--U) and consider all
the equations in this system in which &
each take any fixed value for I = 3» ? j* These
equations are of the form
a(l, l) b!f + a(l, 2) u z + W y ■ x=r 0 (mod M) ^
a(l, l) u, . + a(h^ , 2) ua + W ~  0 (mod M) . 
for non-negative integral values of W y cjep^nci on 3 *
Hence
|a (l, 2) - a (2? 2)] ua ^  0 (mod M)y
( • >> 2) - a ( t 2) ^ u 2 ~  0 (mod M ) .
Therefore
r2U2 ^  ° m^od ?
where
iy- gpfj.|a(l,2) - a(2,2), * -  , a(l,2) - a (1^,2), M j .
nence (4--4-) is equivalent to
iyu^ — I ■ . 0 (mod M) 1
r2u2 ~  0 (mod M) <> ■ '
a(l,l) u, + a (1,2) u^ + a( fi CDs 3 ) (dj + • + a ( J ) 
~ 0  (mod M) ? for fi(i) = 1 ,  2, - > • , b^ ( 1/ = 3,
This process can be continued to the kth component.
Since b^ = 1  ( I = k+1, “  * ?.'■ j) we may set r u = M for
I - k+I, j so that U i (t= lc+1, j) is any integer 
in the interval [0, M-l] satisfying (A--2) .
We see that (4--2- ) is equivalent to
-g ' ®r. ^  - + ai M -  0 (modM) , (h--5)
ri rj
where
o £ P * ^ rt -1 ( 1 $ ^ j ) ?
a  ^ = a ( 1 ,  )  ^ • ( 1  L j )
If we let
do = M ? di=t3.c'J.^ l 5. m |  ? then
from (4-X> and f-4 5)
Ul =  “ (a2u2 + "' + ajUj)!!^ + d0M M )^ (if-
dlrl rldl
where
a*
0 ^ A'i ^  rl^l - 1 , and
do
h^(o<h^ ^ do/j, «-i)? is the unique solution of
(a1 / (rf< d|) ) h —  1 (mod d0/di ) ♦
We now solve for these u u. in (4-b) such that
2 ' j
+ a.u. = 1  0 (mod d. ) .
2 2 J J --  1
We have
u2 —  "* (a3U3* * ** * a-i u-i ) ^ 2M . + M (mod M) ,
d r  d r
2 2 2 2
where
d2 =g-c.c/^ Ma/n) w V<j, m} = 3~cci fa a2/r3> d'j ,
rl> r 2 are defined in (A--3) 9 h^ ( o <r h 2 <: i^/c/2 - 1 ) 
is the unique solution of
(a3. M / ( r 3. d2 y ho —  1 (mod < V 4  )
and
c-<  JA 5 ^ -l •
di
If we repeat the above piocess a further j-2 times and set
d0 = M, du = ^ c-cI,|h a */rj j ^  ? "M--^/n.) m | ; (4~t;
for 1 £ I ^ j we obtain
*•
U1 =  ~ (a2u2* ■**' + a iu i) + ^ 1 C^ ° M (mod M) ?
d r  dr,
ulrl 1 1
k
u2 =  “ (a-5u3+-- ■ +. a^-up h gM + >2 d, M (mod M ) ?
! d2r 2 d2r 2 . (/, z)
~ (a "  "»■ + -  + a.iU.i) h‘M + M (mod M) j
'dl.n-' n
44" . •
u. =  f A)'dj-l • M/(dji-j)J (mod M) ,
where
*
0 ^ ^  IlI 1' ~  I’ for 1 ^   ^* j '
and h^ (o h L ^ -1 ) tlie unique ■ solution of
— £! d  d » h^ ~ 1 mod (cii-i/ dL) 7 { 4-■<%)
for 1 <  C ^ j.
If u, ,*' > u. each run over all the solutions of (d- 'l) 
1 J
then
Q(j) = y  exp (2lTI
r i d,/d0— i ti i f ___ • - j *  '~fa‘ /   ^X
- V  exp ( 2 m  l/ M/
&!■■■■■ I. ■ * fe~   - 'o - o ^
where &<?* (l ^ I ^ j) is the coefficient of P\ i after
2 T  n^uthas heen expressed in terms of , •-* y-Aj *
By (4-'$) we see that U l+r, ••• dj contain only the coefficients 
* * * ■
of yVt-i .> ’ ‘ ’> Therefore by ^  ^  ,
. St? dt,-ri = C|, . n,. + <=(,, * ^  ‘ ^ L-‘ m
------ :-------  u — ------------- f4-io;
M d,., <1,., rt.. '
+ 6(,3 • • M + • • •  + % i  • ^  ^  ?
dw  • W  d i ■ r/
for integers 9^/ , %i,z , •• • > $ hL where
1 ^ l ^ j. From CA--^) we see
% ,, = 1 ’ **,% - - H >  ,
9*1,3 ~ “ ” a t.i - hi.-i ■ M  (—n*, ) y
d n  • ri.-,
= “ a t- ~ a*--' ' ^l" ' ^  (_ a u )
di-i • IV,
- • hi-a ■ m (- at - a,.-, . <u-i • M  (-ai, )
d i-i • ri-i dt_, • *V,
So that if i >
t>2 5
S L,2 ~ ~ a I ]
= “ aL ~ aL-i - hi-t M  q
dL.-, * rt-
5, = — a*, — at-i - d-* M  *?! — a*-;?v /u-2 - M q , ,■t,*f ..,, , r ■ ■'      "■■ t.)3
■ rt_, 4W  • JV,
and by induction on s
a<-2 ' M f w (A-ll)
dM. • rt">
a LStZ » h i-S-KZ ‘ M
d. „ • r,L-S+;£ U-S-+2
for 2 <: s <  / < j . We see that a h ^ , 2 < s ^ j.
Therefore
Q (j) = j Q(Q f where
i-~l
Q(V) = \  exp (2 rr l - V*. At, /m)
S\tZO
for 1 ^ I s' j. So that, for 1 ^ t j,
Q(l) = J2ttI co A'/i'i dieXp-MTTl UJf
A Lro
where
-*•
U)
= olt d( r
M d t-,
for 1 < I $ j, and c i s  given by (4-- 16/ for
1 ^ I. ■$> j . Now
^ ‘/cie,— i
■qVo . = exp $2t tL » nAi//n c\t \ \
,^ j=T
0 mod (r^d^/dtf) while Q(l} = 0 for any other value
I d 0
(4~n)
if n-^
of n _ . Now 
• 1
r^ M x ~ t
OCX) - \ exp \2\Ti ^2 ^ r2 ^ 2 / / Tz ^
M cl 1 /  \ d,
A? “6
while Q(2) is zero for other values of nQ » Hence if
n-
n£
0 (mod ridiJ  d0 ) j
• n, hi M Jmod frx 6.2 
~d , r ,
Q(2) =
d
i^d2
di
•) then
(4-13)
= r, r2 d2
d„
and Q(2) = 0 for any other values of n-^ , and rig. Also, 
by setting t=3 in (4-lo) ,
q 6) = ^ expj^-^r, * 3 {n -2- * 112I12M + » 11, h, M(S) 1 3  ~ ~d2r2 d r1 1
r3d3 / d 2 ’ if
n. —  - • n.hjM _ 5j . n li,M
d2r2 d, r ,
mod 'r, d3
d,
Since
if Qft) /  0 and
- ~ -  a 2 h 2 M  , w e  h a v e
•3} 3 J    J 3*2.
d2r2
(S.) - r ^ d ^ / d g ,
i f
. n  =  . n j h j M ^ ^  ^ a J w _ d u M . -  ^ 2  ( m o d  ( r U *
V l  W  • —  i f t
a n d
n 2  -  n ^ M  a 2 + ^  r 2 d 2
d l r l
f o r  a n y  i n t e g e r  y ^ x . RtiT o t h e r  v a l u e s  o f  n ^ ,  n 2 , n ^  
Q(^) = 0. H e n c e
Q(3) = r2dx # r2d2 . r3d3 
^ © d . d
2
=  r l r 2 r 3 d j / d 0 ,
p r o v i d e d
n2 = n ^ M  a, + A V s  , fZt" ' U>
dirx di
for any integers 3> * ^or ~ 4  /n’t-^gers
jet
+ /^l-i .• 9l,3 - hi~> M  + 1h-2 M  -<- ••*
~ ^ ‘7 ' c(i-'- r‘-' ' rtM . ^ s
-  ■+ a, 3 i,m  ■ hiM ' ' <*■'*>
■ c/3 ra~
for 3 ^  I S J , where the ^ are defined in (4-1/} - 
Also, let
V j  z ^ d ^ / d , , -  ^  = / ^ d 2ra/di . f/+ .|6j
Hence , (“+ • ’
''^2, = ^ 5  d3r3/d2 + § !)ihJM/fd2 r2).//2 d2r1/d1
= ^ d . r 3/d2 + y - ’i •
From /4- ii) we see ^or 2 ^ < t, 1 -£ I £ j ^
and by (4- ~/ ^ a H d (4- 11)
(M QhS /ru ), 2 < s  £ l , - r ^ l * ‘ j.
Hence it follows that
9;,; m CTt-) , 6t,i M <^ .2. ... , f ■ M  & x
< W  r,., di-x rt., d2r2
are integers for 3 ^ . I ^ j •
We see from the definition of Q(j) that there is no loss 
of generality in letting o ^ n ^  M-l , I =1, 2, • • > j.
Hence in Q (3) we let
»x = /"i (i-j dj/d„ )
where •
o ^ < (M-l) do
rl dl .
(4--IJ)
Also ^ if we let
n2 = h la2 / A  + /"i r2^.l/dl
where /* \ satisfies anti for each of these o<\lu4s v £/hj
l e t
(A--19)h ia2 dl ■ S - h la2 / y,l dl + (M-l) d-, 'L r2d2 J / r2d2 r2d2
then o <  n.2 ^ M-l# Similarlyjif 
then we let •
n3 ^ M-l,
Hj d}/* I ^  3'ih2 Mcl2/lZ
rz cl3 r\ ^ 1.^3
<C y ^  j3 <" hra2^ ?A *+. 93^  Md2y  -t ( M- l i d ]  
r3 d3 r,d, r3cj3
for all y\ y y^^ satisfying (4-i^r) and (A--I 8) 
respectively.
Kidj
We now let
< (M-l) cl0
'I c'l
+ y  d i-i
rv %
* / V : $
/ ’laj.h, —  O'!, + M-l ) d t_
ra, di,
(4 ■ i q >
(J+-20)
for 2 j, where,
= 0, and
yrL XfL — y>t /dL I for
3 ^ t f j. So by f£-!S) we see that °'^
only involves y*>i > y ^ % ? for 3 £ L $ j.
Theorem 2 If^for o $ k £ j,
b t y/ 2 ( ^ = 1 ,  2, **', k) and 
b ^  = 1 ( [/ - k+1, k+2, —  , j) we let
3|j)-Q(i;>)--21 exp ^ 2 IT i- • 5T nL Ui 
u.r "/
where the sum is over all integers u^ ? (o v< u u M-l,
1 = 1 ,  2,"-y j ) ? which satisfy the equations
a ( 0) 'i I ) u-, ■+ - * ■• + a ( ft ft) ? j ) u . Er 0 (mod M) 7
J
1 £ jl (t) ^ ^ . 1  ^ t £ j ^ h e n  provided
n1 - dr f
nS = n1h1M a s + ^ r s ,
d r
1 1
for 2 S ^ j where *65 is given by fa-is) and 
the  ^ (l ^ (. £ j) satisfy Clh-IQ) ,(i4-2o)we have
, ' / v o-k-i
Q (j, k) = (r - - • r ) . M • d .
A 1 k / J
where
d. = g.c.d. (M3 ,/r, , M 3  i/rz , ■ ■ ■ , M 3  K//r,. > a J M )
and r. (l ^ I i k) is given by (a.3) . For any other
V
values of n , • —  ■> n ,
J
Q. (j. k) = 0.
Proof From the definitions of (l ^ S ^  j)
and (i <; I $ j) we see that
o n L S M-l (l ^ L ^ j). The problem is 
equivalent to evaluating Q(j) in ( 4-*l2 ).
Theorem 2 is true for j = 2, and j=3 given by and fa'I
respectively. We set
Q(s) = Q(l^ ) , 2 ^ 5 ^  j and use induction on s.
71If we assume the result true for Q(s) where
n = ~tr 1 
1
n[/ = n lhlM + -TT, ,
diri
( 4-2.0
for 2 s I £ S <  j then
Q (s+l) = /rjdi ... r sd \ , Q, 5)
do .
= /r 1 ... rs 1 ds X
fs' H •
cts 5C
, 2  T i l  
exp ; -------^ d S4, • rs+,
M-d.
where 0^  is given by lettering I = s+l in (T4-*io) t
Sri '
Now
%+l) = (rs+l- ds+1) /  ds , ■ ■
provided
ns<H + ffisn.a * hsM + Ssfhi » M + (if..22.)
‘s; ■ rs_,dsrs ch., - „
where the n ( (l £.1 s) satisfy (4-X)) . Substituting for
v
these n, in (4- 2X) we obtain
J + ■- *H-i . M +
d. ri 1 d . r ~
1 1 L s s as-i rs~i
+ W  ,-**• + Sj^  l +
d2r2 J
+ *VM + I,-.,,) .V*., » hy.,~M + •" +
dsrs d . r d^ra
where y k . i  , , ■ ■■ , y ^ s  satisfy \ 4 - 2 0 ' )  and y ^ s + t
is any integer. If we let £ =S+1 in 4^--20)
and also set i  =s+l in the expressions ( 4 - > H )  and ( 4 -  t S )
for g L}S and O'^  respectively we obtain
Q < M  = rs+, ' ds+[. , if
CL
S
W St1 = nlhlM -a^i + » (° ^ . “s*. ^  M"1 )-
dlrl
Hence
Q(s+1 ) = rj . . rsds # rsM • d s-n ..
d., ds
= r, • • • r ST1 . d SH
d o
provided 
'iHi -  i
nih lM af + trt. , 
dlrl
for 2 ^ I $ s + l. For any other values of n^, nQ, . , n s.+1
Q(s+l) is zero. Theorem 2 now follows by induction on s.
From Theorem 2 we have 
Corollary 1 If k -o (one residue per component),
Q(j,o) = M J X g.c.d. f & 1 , a 2 *' •' »' .a j »"
if
nj = g.c.d. (a, , M) , to -S /'a M-l
’ n i. = h lnla ‘- +
g.c.d. ( a, ,M)
for 2. < L S j where 'ft'/, is given by ( 4 - - i S ’>  .
For any other values of n.. , n
j
Q(j,<3) = O •
If g.c.d. Y a ( , M J  = 1 then
Q (j , 0 ) = MJ_1
provided
n v z h^n^a^ (mod M) ? where 0 £ nu M-l, for
2 t ^  j and n ^ is* g jVi~i e r  s g f o ^  tA, <: I
Proof Letting k= o in Theorem 2 we have
r^ = r 2 = ••*■= r.-. = M, and
J
d. = g.c.d. £ ai> a 2 ? f aj» M ]* If
J
g.c.d. m} = 1 then d1 = d^ - • =  d^ = 1 and cT, =
Also
and by (4--/S’)
■ac = /^i M + ^ , M  + .•■ + M ,
{cr f&i-etj-erg. " i^i-i 1 H-enc-s
Oi ~z O fa c cj M ) >  Z S L & J
Corollary 2 If M = P  (a prime) and a.f-H = a(f+.? = ••• = a. = p
J
then fil(j, k) = P^“k ? { o <  k S j), if
(n l j 1 ‘ “ j n k+l * ‘ ' Y> j ) = i 9 * ‘ ’ f  C  l< 9 O  i  '  '  ' j  O  )
where
O $ C, S p-1 , (1 S L £ k ) .
Proof From Theorem 2
rl = r 2 = •' = rk = -1 *
d, = d2 = ... = a. = p> 4 ; = X 1'. A l s 0
J
& l = 2 ; * Snd ■ ’
- [hxa2 /i,] S’ 2 £ - h^ a2 /t/,J + P ~ Hence for each
value of /*i, , ( o <: ^P~0 7 ^  takes p  consecutive values.
Similar results hold for dP yd'^ . if 2 <■ L £ k. Hence
fti)"" W K £ any I'ntejey^ S Ct~t i's fy i'n $
o < n u 5' -p — 1 , (l . < i ^ k ). Since
a. = ... = a . = p *
■Ctr J P ’
G y .  0 (mod P ) ,' (K+1S b * j) -
Hence
n ^ ~  n, hj p (mod p) ~  0 (mod P), (lc+1 s <b ^ j) .
Corollary 3 If M = f (a prime) and g.c.d. ("ahH , p^= 1 
then, for o £ k ^ j-1 ,
. j -k-i
Q (j i K)  -  P '. »
provided
(«,»■*•» n *> n t,, i 11 »'■ » H j ) 5  (c<; *-*.?cK,h,.„ £;K,la(.,l> • yh^c^.a,- )
[mod p] ,
where
o ^ ci $ p - 1 (l I $ k+1 .) .and
h^r( ( o s  h ^ ? - 1 ) is the unique solution ' of
a,;.. -  h Kri =  1 (mod p) .
Q {j »• k) = 0 for any other values of n, , n.. Also,
J
Q (j, j ) = 1
for any values of n,,- •' , n
j
Proof From Theorem 2
Hi = l?2 = “ = ^  = 0 (mod P ), so that
a K>i + *■■ + aj^J " ^ (mod- P).
Hence, by Theorem 2, and reasoning as in the proof of 
Corollary 2 ,
n i = ni« • U K« • a U (m °d P)
for lc+2 <* t? <; j  ^ whiCe 'l
n , are arbitrary positive integers and
 ^0 ' kfc+i ^ 't^ie unique solution erf
a i«l h K4. =  1 (mod p)- -
If k= j then
^  = u9 - ' = u. £ 0 (mod p).
J
So that
U 1 = U 2 = ' = u -j = anc* n1» '* > n . are arbitrary.
■ J J
¥e now consider S\ (j, k) for
j-3 f k=o, a.. = 12, a =9, a = 5, H =60, and obtain all those 
1 2 3
(n^, n2, n^) which give a non-zero contribution to the sum
d (  j , k ) . Hence
2nt C'n,M,T^ 7u2.
Q (3, 0 ) = Z T
where the sum is over all these u^, u2, u^ which satisfy
I 2u, + 9u^ + 4 5U 3 ~ 0 (mod 6 0 ).
Therefore^if solutions exist
12/|9(u2 + 5i^<) ), and so u2 + 5 = 4.A/ for same
integer and any u^ ( o s
lienee
/2 u, + 9 u2 + 45u^ — ±2fel, + 3 6 V  z 0 (mod 6 0 ).
So
u = - 3A  "P 5 , for .s^me integer X- .
This gives
 ^ / n  (
X n uu c = n, (-33- + 5J. ) + n2 (^A - 5 U 3 ) + ftjUj■
Therefore
G(3/0 = y ~  exp|3iruA (An2 -3nx) + + U3 (n3~ 5« 2) (.
A ' ^ 3  — —  SO" —  j
i^-p- Q(3, 0 ) 7/ 0 we must have ( r>i4 M-l) ?
r 1 2 *^ (modfc®),
n 3 r 5 n2 + . 60 (mod 6 0 )y
nn
n9 r 3nf + X  15 (mod 6 0 )
Hence
n i
n„ = 12 31 (mod 60),
/// m, / ' .
n^ = 9 2  + 1-52 (mod 60) ?
in ////, . '
n^ = + 1 5 A  (mod 60)
If we let
m
o $ 2  ^ zi ?then o ^ hi £ *f-£' ^
and i-f o sr n u S S ‘J , (t= 2, 3) co-e
o <r 9^ "' + I5^m' < ' ■ 6 0  ( 4--23I
'  ^ /// ~ - 
0  ^ h5 X  +. 15A  <  60
that is m  ^   ^  ^/u ^ \
X " ‘= 0  -f°r * « c h  P. )  -
Then o < n L <5^^ V = 1, 2, 3. Hence those (nj, n 2 , n j ) 
giving non-zero contribution to Q (3, 0) are
(n1, n2 , n ^ ) = (12 X*" , 9 A  t A  5“A  )
where O $ 5”^  c . A  ^  3 ■ . From a geometrical point
of view however the result may be deduced directly from 
the definition of Q (3, 0) , LO ■g s -& ,-e tint
( \ / \ //' ■' >\ /" 'y11 \
n l» n2* n3 ^ = (12^ , 9 A  , A 5  2  ) gives a non-zero
contribution to the sum. The equation of the lines? through
all these points is
m \ tn _ ti >
Hi - 123 = nr ^  =
'i 3 15
I I I
for same integer /Y , from which we obtain (to within mod 60), 
n~ — 5n9 , = 3di •
. More generally^for any given M if we choose
a , a \ . such that n,,-*>,n - each depend (mod M) on &
1 j 1 J
linear combinations of the same two parameters then 
these ( n ^ n ^  ) giving non-zero contributions to'Q(jJk^are 
all given by
n, - - A  cij n ^ —  A  ciiK - nj —
dl a2h l ajhl
In particular if j:= 3 this is true. More generally faag-)
gives us some but not all of the■(n, , n.) which
J4
give non-zero contributions to Q(j,k) i f 4 • So that
not all these (i)j , - , ft. . ) Ibe on a line parallel to
al* U1 +**’ +'&-! Uj = O  - y\ o~t<2- £l~t Hi ■£■ h d  *J J
We note from that A  ~ ®  "f°v
4 K  -•
p . . Hence the number of (nj, n2 , )
giving non-zero contributions ~to & ( 3 j O )  M S
The total number of (n-^ , n2, n^) ( ' 0< n t < 59, 1 ^ I £ 3 )
3
is 60 . Hence the chance of (n^, n2, n j ) giving a non-zero
contribution is
S'/fc o'3 - to-"1--
More generally we see that there are M possible o^ctnrs 
(nl f ... , n ), o s  n t s~ M-l, 1 < I i j . By (m 2Q)
yh i takes at most
(M-l) d,.H + 1 / values (1 ^ I £ j)
L h  J
and /^\ takes at most
(M-l)M
r idi
+ 1 , values. I-Tence an upp-ek- b o u n d  re
number of (nl* ' " >
n to Q (J, k) is
1 j (M-l) dt-/ +
...■ | L P  di 4.
Hence the maximum chance of (n} , 
contribution to Q (j, k) is
j
'(M-l) dH/ + !
, rtj ) making a non-zero
I'l r .
M
a  D o  t e  o n  0 .(2 ;® ) ■ W - a  g /■
^  n ^ 2 ,> ^ 3  J CaJ i C K
i £ h o ■fc p
M  oh-
fi,
for c-b r 1/c* i i/l % ^
.8,= 4 , r 2, a3-il, then ft e
O j O O  ^  b  y  1  b  U .  i t  O  l ^ \  ^  C  &  i n n  ~ £  ~ f  y o  V A  
2 ; / n )  ‘S ^ b i S f c j j ^ C j  ( M o d  ioj ;
hi r / ^ i 4  > = . ^ /
jO^ ~ '11/*/ '+■4-£'/C/)^  +  3 0 / ^  3
f  f  ~e h . \h '$ c$$e is t h a t  a  1 1 n -£
$fvo<A*jhi ( ^ / ^  / ; i ? II/^i') ' P> ^ ! 1 e
"to fp7 ^  /? I & W  -2 4- UI -h 12 <A 2 -1~ / / U  ^  ~  O  .
T  /?.-£ /  e l m  t  (/^ ^  S  -2- ? S. 6 ^  d  o € S n o t
gdtfs-fy (lbii)\ I* ft/s V s  * *
f^nc-Uch o {  2 p a r * ™  et-zrs .
Statement and Proof of Thee ./TIpmd . 'Theorem.
Using the notation and definitions of the previous 
sections we now prove Theorem 5 * If, for 1 ^  [/ j
( j >  i) , every n^ tends to infinity subject to the two 
conditions
ni‘“ nj <  / +1~ &3 (s -o
for any fixed ^  0 ?
nx S Oy(modM) , =  n, h, > %  4- &l/ (mod MJ ? (5'2 )
dlJ'l
for 2 €  ^  j , then
S
Pr (nlj“”;n i) ^  (ri- •' rkMJ- .d^) e3
k
K  = k  ^  + E ' ' % A n Mj)" K  T^ : +S r^ ios
(5-3)
“he” i Jtr. . i. » 1,~k
T n, V/ +
^  ' 1 7 ^  "r v^T
+ i(j+2) log L*' + £ j . log M  -
—  i j log (27T • Tro>C ) - J log (j+1) ,
and the y are functions of which satisfy
and the equations n^ y^ LR = Tr0*v^  r\ " ' j;(5
for 1 ^ I S j and any fixed 0. If (5^) is not satisfied
then
^r (nl? *" ? nj ) = ® *
We.let £$ satisfy
0 <  2(j+l) 6s- ^  ^3 ( 5-5)
and set
7 = ( ^ r t  ••• . ,
U = » .(Tro.5' . M-* . Lr  )2
^  C (n, ••• n.)6^ 1)
J *
4-
From (2-S'* we have
 ^ j
* r K » - ;- , xj) = 2 - ^  ?r
.^= 0 Vj-0
From (o■&) we obtain
^-n/M  ^ ' ry U
pr (nlj’* V nj ) = (2TT ) ^ |  Fr (x i > ) x -j )
\ \ €  < * H « T
J'y'M
= i' M~t M~l 3u;rr * rr J r r ^
M  f... v  f " s f  F . f e W / ;
L .  / _  \ • • • I e . el6r d6>u
tti-O uy = <9 A \
■^5lU)-)T~ 7J yit^TT- rr
i M M  M Mwhere
/ / '* _  ; /
Fr (xi > " 7 xj ) = 2 ” ni,xt+ 2T'-- >  log Fr(x i
m - '  Pvr-<
and ? r (x^ , • , x. ) is given by
0
We let
^  + 2 u , t t /m
for any fixed (0 ^  £  M-l), 1 <; j. Hence
~  , /• V J \—  , r ; > Jy
Pr(nlf-', n.) =(2tt) ' L - g  A A ,
Ui-o I \ —
where ^  ( ^ )
x' = yu (1+ I Xu ) + I 2 U 01T/Hp 3C(> i2ujr/M , 
for any fixed ( 0 ^  H h<M-l), I = 1, 2,‘”; j,
If we substitute this expression for x£ in •'
(o<Jf2 (x^ , * xj ) we obtain
ofl
log f2 (x 13--; Xj) = 2 _  r
r(M-a(PO*) il))^
---------  els} (erIkIx^  -l)
= log f2 (x-^ Xj ; ex’ ),
where
^ = an .-2! a(/?(o,i- ) u^/w (s*)lr- ]
for any■ fixed-tt*(.0 U t ^  M-l), {/ = 1, 2,*--, j and for 
any fixed (l ^ fi(0 ^ 6 t ) f L = 1, 2,--; j.
If we let
log f 2 ( X^ > ■' ■ 3 X j «| °0 ~
then
where
-hi
I-. \ . log f 2 (X l ,'*-, xj K  )fiw M-y
bj •
L - ) l0S ^lte!,'" .,Xj 5*0
log ?! ( x j l , .  - ,  x. ) o O  is given by f 3 * 3 )  .
—  / J
If we substitute the expression for x^ in log f^(x i » x j ) 
we obtain log f^X]/,-*; xj ) = log f^Xj,/ - ,x^ 5 )
oO
w r
f5- °! J
(rXl,. ; r X j ; r * ) ,
K~ I l=‘
where
“ /iM^ M&'Oi'i.
^  (x i x j> «?) = U  (S_ + e
HXj, .
* e * l)
 1}
i^ l
e(m - p 4
(s-l o)
-i—  M(t,rOVv
(e  1)
>1
for any fixed J®(O  (l ^  (p>fO <?h), 1 ^  I ^  j.
Now bj
log f j. ) = ^  1 OS f r (^ "i* * y ^ ;
__ $01*1 AJ>=/ _
where log f j(x-i/', xjH’) is given by (5 4) and log f^x^
is given by (S' ^) 2H cl (s-io) ■ .
M.i M-i j
2 m  ‘STi'HUu/Vj1
Therefore by (5 *7)
Pr (n1,-Jnj ) = (21T)-J Z  6
Mt = 0 wjro
ir jl 
p %
TT -^~TT  
MVJj
where
A
FrVx i . O x j«0 = ^  n(,xj.+ l0S fr (x l.-“; xjw )
Hence
M-f M “»
Pr(nis-",nj) = J V - -  Z .  (I« + Ia ) >
U|~«> iSj-0
where
• h  = Ii(y i>",yj f * ii(ui»-'>ttj)
=  R , ) V  e2"  -*W M  ■
iuj<i
x2 = I2(yi>-» yj> ui>-,uj) = i»(ui.-->uj)
<•
—  pn)J*LIlc2T7t ^ Ul'U / M . ^ ePr(xl » - ^ j ^
i - ,
(S-il)
(s-a) 
d $ ~ ' d &
(S-Uh)
L a ' b - e r - u > e  p ro \ /e .  " f 0 t lo\j j i r\pj  t e m p i  a $
Lemma 2 » (Proved $n P. 32-33 of 0^) )
Ot> O®
exp (- 2 1  K  - 2 1  X I  "i %  ) dui"
U ' L ~  1 *
= (j+l)“ 2 (2,7T )2'J .
Lemma 3 *- If J HI 5 1 ;
= tt’1 )_1 Tro
•2. +
O-f >1y y ^
I'l = / t,+?
where
b
=i
Lemma 4-
H-r h -ir - r i
UfO Wj'O
<\/ Q(j) ■ e
tf
bri
where — i, is given by (A 3) and Q (J ) by Theorem 2 .
Lemma 5* .
}l2\ <  eFr y > "  . y  -
i f  j f  ^ 1 -
Lemma C , It is always possible to choose y-i,
1 " J
to satisfy (3-7) and *
Proof of Theorem 3 By Lemma h 9 Lemma 5, (f'ty j (S'^)
*z)tthy
PpCn-j^ ,**’; nj) = Q (j ) e . (l+o(l)) +
o ^ e Fr(yir-,yj) - €<l24-
Q(j) e ^ r Jl + o(l) + . 0 U - W *  \} . (SIS)
\Ln'HJ+2)y 
Also
fJ+^ G > 0
e-^ l L <?U)
exp [ 0 (11!-
= o(l) • Theorem 3 then follows from/S/5) 
andf'S-UJ t in the formula f or Pr (nj, - ? nj ) we could add 
any terms to yt which are
o( rL ( A y r "  Ayj) ) for 1 ^ tS j
without altering (5-*t) . By fe i o')> (53) and (S' ^  ) 9
<T\ I I /" -f
•—  - °| y ^ y i  " ‘/C,yjJ
3 ^  1
so that any change in y^ of order
* 2^ /*/
j wil1 Produce a change ins;of order
o\ C^n"' A y )  7 =  o(l)* Therefore the values of the
y 1 calculated from (S‘A) to within & A  J
for any fixed £5-3? c? completely determine the result in
Theorem 2. .
fc. ' . ^ Ca<i4>s o - f t h e '  M a t h  \h-eorem .
W e  n o w  c o n s i d e r  a  s p e c i a l  c a s e . o f  T h e o r e m  3 . W e  s e t ,  
for c7 S' k  S 2, r u =  g.c.d. { a  ( l , f  ) -  a (2 ,1)  ^  a (l ,(. ) - a ( 3, Q ?
- a (1,1,) - a (b,. , I ) i m |  , if 1 s? I £  k (l.< I  <: 2) a n d
r  =  M if k+1 S l <  2 ( O S  lz S  l ) .  A l s o  l e t
V 7
a ( l , / ^ ) = a i/ , 1 ^ I S  2 and set
d i = g-c-o/. m |, M V ^  M ]  •
By (4-- 76);
di = (^ ! d-j) / M = s+li* fa- C-cl. £&}■? ?
Ai = /'tz (jc2 d2)/cf| . = A )‘ l c ^  f a  f a
Hence by Theorem 2
Q (2) = Q (2, K) =  r^. r ^ M 1"^ d2 6 W )
for o S k < 2, provided
ni = :M\ v 9 C C * / ^
1^l^ 11^2 *t" yA'X^ ^ ‘ A  ' ^y^clj y ^2 j
.^c.T( a^r !)
and h^ (o S fa j * M/cl/ fa)
is the unique solution o-f / alM \h rr lCmod/M/d )
irldl/ 1 4-3)
Otherwise
Q. (2, k^ = 0. In particular,
Q (2, 0 ) = M X ^ ‘C-d. 5)12  ^ ?
if *
nx = ^  * S-e-of-fan'fa,
n-lhla2 +  y ^ 2 y 3-c-cf-
«,.cJ.(a'iM) 1 C~  ■
and h f a  g h,! M/fa is the unique solution 
of
f6>i / J h -  I mod (M / d f ) <*
Also
if
Q (2 , l) = g.c.d. (Ma, , a2 9 r f M )
nl “ A t  x ' g.c.d. (a, , r, ) r, 
n2 ~~ nlhla2 r  X  g.c.d. ■ :M«f,
q.cd. (a„iy ) 
and h-^  satisfies (&'3) . Similarly
Q (2, 2) = g.c.d. £a!.r2f a2rx , r2r2^
where n^, n2 satisfy (6*.2.) • We also let
A(nx, n2 ) = A = B, (w, ) (  B ((ui) log M + log (2TT ) 
- log T(a (filyf a  - 1 Bx (oJx).log
M  •' T>
B(n^, n2 ) = Bg= B (co2) - i B2(cvfa , log M
-  D - 1,
M
P B 1 B2 ( Co? ) .log* 5(3) ?
n* yn
where £>^ (lo) i s'.the n-th Beyrouth' pcfaha^iaL and
u> 1 - a (73(1} , O
M
for (3 itj ^ 1 < t ~i2 .
K.  ^ By Theorem 1 with j=2 we have
'F2 (x 1:, x 2 ) = F ( x ^  x2 ) = n - ^  + ^ £x2 +
(x1X2? m 2 ) £  L  | H + ^ U 0 d ( 2) V ^ 3
,fc „  „+ (-1) B lt nJK+1 / 2 k  + 0(Xg ),
where
/x / = max £ /xj/./xg/ ] , and
H = r  R2 ■+ ; 4 ^ x 1x2M 2/) [i ( *'/x, ) + I ( - ^ A '  )]
~ n2 - log C ’ix2 ) 1 >
V  r2 + (XjXgM2 ). I ( ^ A 2 ) + i  R 2  1o6 A ' A 2 )
- i R 2 log (XjXg) f ■ 
by (l3fa- We let
CO t = 1 - a (fi'(L), L )/M
for 1 <' fi (t) ^ h l 9 1 S I < 2. By (V'' °)
B t = i $ B_^  = M  ^  x^*B( Co ) 4* x2B-^  ( ^  2 ) ?
R = M2 Sb j . (to, ) 4 x ? B j. ( < * Q . x iZ . + ) ,  B 2 ( a/X) . x 1x 2 V
■C 21 21 ■ ' .1
(C - Sj)
R3 = ) B 3 (^t ) , x f + b^ ( u>t ) ,
I .31 7 T "
2 2 
+ B| ( a j i ) ,  B2 (ca? )  . x ^ X g  +  B 2  (co, ) Bj (^z) ■, X j  x 2
21 21
where
B 1 ( c o  ) =  c o  -  i ,  B 0 ( co )  =  c x j1 — co  + ' / g  7
B^ ( to ) = CO ( CO - i) (co-i). For k yy
\  = ^  (B]£ (W| ). x* + Bk (toJ..x2k )
IV •
+ 0 [fah xfa),
afa*?*, kj + k = k.: We set
) = (~l)h 8li.M2h, Bahtl ( U H  )
, - t
2h • /  (3)- (2h+2) J 
for h 1a 1 , (l ^  2 )> an(i se-t
SjUiH) = o , sH (x^ ) = Y L • xfh+'
h - » ^
for H"> 2 (1 ^ 6 ^ 2). Hence for any II' ^  1
P (x1;x 2 ) = n lXl + n2x2 +
h> 1*2 r .
+ y  V "  ) 16) + j (2).B, ( U>. ) + / (2).B, ( CO; )
/ x-.x0M 2 Mxrt Mx-.
M "  m '  I 1 2 2
- . _R A . + '5(3 ). Sn f + ^(3)-Sti(x^? )
2>rxix 2 x2 Xi
+ R2^XHX2^  f * lQg (Xl/Zz) - lQg (xlx2) \ + I ( X(A> )
o
2 x^XgM"
+ 0 (x2^ ) + 0 (x22II+1/xl)*
Now
x^ ^  y u ^ l , (l ^  v 2) and 
x! = 0 (x2 ) = o (l). So that
BII ^X 1a i7  = B (x !^) = 0 (x2^) ~ o(x2 ),
' R3^ iX 2)= M ^B3 + 0 (*22 )-
Hence
F ^X HX2^ = nlX l + n2x2 +
ki
* I
fiQfa'
- M >Bi (coz). x7 + ^(3 + I ( ^i/xz ) ( V  c)
12 JCt X 1
+ R2t ( V ' -  log xaJ/fXjXgM2) + 0 (xg / x ^
+ o (1) .
!44 ■ ' . 9i
We assume first that, n2 <  n^ S n2 . Hence
— -3. ZjL ^  A 1 = = o (1), and
X2 y2 A  2 n 2
log x2 = lOg/^2 + o(l), XplQg x 2 = o (l)#
x2
By if /arg z/ <r \ HI - €  9
■ m 2 .i (z ) = T L  5 k \  + °(*2 ),
Kro
i f z  = o (1), where, by (?2.-2) U > ^ 1  c~ i ? Aac-c.
q c = M ^ j B 9 (Si/H- )» (1 -V" ) - Ba (a2/ M  ). log M (V-1)
- D ^ (- i, su/ m )j >
and by » .
 ^= iog(7WM )j " ^ log (2~ ) ^ ■ 'Cfe-eJ
1(3 ) + 1 (2) Bi (CUi) + 1(2)- S,(Wz)
PQ)-< x 1x 2M
Mx, Mx.
Hence
x (xVx, ) = 5° - 5tvb-, ( w,) + 0 (1), f(>-c0
M DC,
where , oLj are given by f&n) and (b-'Z) respectively. 
From- (t> s) ?
R 2 f c ' ^ )  =  B 2 (co2 ) , x 2  +  B, ( u>( ) » B 9 ( CXJZ ) +  o ( l )   ^ ( b  * 6 )
2  ““------
M x lx2 2 ocj
since * 1/^2 ~ °(1 )* By (6 j and fy-JO)
( x  - log x2 ] + I (3ci/jCz ) (t> !0
M xxx2 J
x 2 (b _ -t Bg ( ^ 2  )- log X g ) + A + (l)>
X 1
where
A = B , (Coi)A ^  B. ( u/^). log M. + i log (2 77 )
- log | P  (5V m  )| - B2 ( toj ). log/'J 2, ,
B = i B2 (u*2 ) - i B2 (u>2 ).log M - D ^  (-1, ).
By  ^£ • 6 j an(j (& i l) )
P (x l> x2 ) = n lx l+ n2x2 + i l l i  . fl, U 2 > ,
X 1 X 2 ftlt)
where
hf '
f h (x 2 ) = X I  X L  />,(x2 )/m2 ,
A :;-’ j2>a)-<
4 3
r (x2) = 1 + (^2).M, Bx (co2 ).xg „ m3B„( U)2 X x2
$ (3) .12 5 ( 3  )
+ m 2x 22 . . (B - J.Bo (co2 ) . log x2 )
Also
5/fc 
‘2 1
t+«y
L x 2 - /Li = “ (x) Since n-j ^ n.
Hence by y, , y2 satisfy
V l 2 y2 = ”2 +
n2y ly22 = L b ) .  M 2 .9C2;2 + o £(>, ^ j3
where
^2;i = . X  faz) 7
■0C*,a. = / ^ ( y 2 ) - y 2 - 1) Pk ( y j y
/ u  1 /-H (1 < L S' 2). We let
(° = B - i B2 ( 0 >2. ) * log /A z .
Since ; are both functions of y^ we let
•rl c('o  ^ c1'
n  = ' x"i Z _  \  / 1a. = / " J ' ° H ■’
h~o
y2 = ^ 7  X L  K ’W  v  x 1-’ t i-i
K-o
(^ 6 • /
( 6 / 4 )
(6 /^)
' o) ctr
where 0 /a / o k are polynomials of degree at most
3/i7 in p hy lemma 3 of ffi .
If we let II = K then for h >/ k
/ *  i - = ° {(y^1 ’ J
for 1 3 1$ 2. The y v calculated from (&-l4r) to within
C 3 i-es 7
■° ( / ^ i  ^ o ? j
A'/ n
completely determines in Theorem -3 .Therefore if
y^> T 2 are given hy (&15) 7
F ( y ^ g )  = n'jYj +. n2y2 + j(S) . (y2 ) Cfe-ltJ
y ly 2
fc»/
+ 2 1  /* (A + 2). B-j^  ( uj/ )/£iyz) + 0 (1 )
' £<Vri
la, . h z
= ^ c 3 ) A h '  + yy (a + B/cviis^
./*\/*\ /iro =1 M / ’t- M
+ 0 (1),
where
= S H + T H + ^ Th )/(sH t h )
bl ^  2H-I o h  ‘•-M \
- 3  +  r r  r  r * /  W ) ,
and is a polynomial of degree /h/2/ in (O #
Ive show in the next paragraph that
P1 = M B/coi) . 's (2)/ jjrs), /6> n  l
p2 = M 2 P  / ^(3) - g (M.B, (co2) • -5 (2)/ ^(3;)
y  = 2 (M B/Wi), 5  (2)/ 7 ( 3 )  ), 
3
7 =  - 1 ^
(t-n;
Hence by (i -\b) and (IS- /*7j
- 5_73) t X  X
A \ / ^ X  /H0=' /3PJ7' (
+ M P  ~ 3  i M  Bffaj)
/ h  1
r ft + 3,(coi) • Bifcvz >{$r2)}
3 50)
5 k--'
+ j>0 ) ..
4*
h
(6-IS)
of'J •
By section 7 of (7/ »
/- 0 ’ n /S k = (h+1) Ph/3 - I . f d Pfa
h i ®  U  f
.s.
CD
f, = - (2h-l)PhA +
isSfc)
d Ph
d p
for all h ^  - 1. Also by -6/3)
fh W h ) - 1'i= V 1 - M 'Bl( )//a +
-  ( t O z ) / ^ 2  I h + ■ !h  ♦ ^
12 . 5(3) 5(3)
4- M y/^2 - Sjj ( y?2 Tjj, U->2 ) + 0 ( z^ z )
2H-I
1 + \  / v  + °< 3 P ) 3
—  (
where the can be calculated. Again^by section 5
H-l
—  c r'} C  ^ ^
PH = NH = -  Xl-U ’
h  -  >
H-1 ’ ri! O', 0) JO <-  •' <-
PH+1 = % + l  “ $1 . O-H *~ /  °h
U-2
for all H >  1. If we set H = 1 in (6-2 0 )
then by fi-X))
N 1 = V ( 2 )  - M. B ^ a )  = Pj
^(3)
Hence by (6 (°^ ) •)
(0 (2 ) 
wi = 2. pi. S, = - i p,
3 3
From ' (& -2 0) with H=2,
'N = M 2 e / 5  (3) + f X L ’P
= M 2 e / 5 ( 3 )  + 0  / 9 •
((>■2.0 ) 
Of (l),
(6- 2.0. 
{C-2X )
{ 6 -23J
So by ( & -2.1)
P2 = n 2 _
(&■ 24)
=  n2 - 4  p,yc).
Then ( 6* J *7 ) follows from (6*22. )f ( 6 23 ) and ( 6-24. ).
If we next consider
n9^  3 nn ^  n ' by 5 of H  ''(~?) 9 iT0K ^
a  1 2
2/j-i .
©
So that simple expressions for y f y^ can be found in terms
$4
of. y/n, and^ < 2. . We see that if Y\x 3 ft, is satisfied
1 = * ( £ L \  + 0 U ) *  and
\x2/ ' V*1 V
V / , / )  . ( V  —  r 6 . ^ ;
Xlx 2 M
= • ( y  - 16 ,3 / ^ i )_________  + o ri; .
1 /o n M
Now k y (c 2 "> ) j (&' 2 Gj
J  —  1 Vr?)
F (ylf y2 ) = n2y2 + j J z T Z  ( V i l  )
+ V a)' B.lim) + *7 ( 2 ). B i (  Mr) - M. B/tc/.y2 + H f Z l O
M y2 M y ,  12 -J, v^2/
~ Pa. (Xh/'i) (r - lo; Hr O
"isd
I- (y> > y  z )
b< hz n( J s > +  -»■
,  1 3 \ i tf>(Q=> ftftzt L i i Jl(tl fj tj
+ ■  \  ( 2 ) .  B , ( c u i ) l -
I 4 .. !
i$sYic~e.
t)J £  H, ^  Id 2 5 a rtf/ S(J"
' ^ /A  '  ^  .
^6 lotj (6/ OJe co i s A 1^ 0 c ko c s ~e Jjf ) tfz 
io szttiS-fy
=■ n,y,- CV%
a °J' r 1 * v \ /
= ^I'dj t)2 - C| “ Cj
, , - 0 y - i / H J  ?
 ^/J ya 1_F b,, yij = (^ 2 h , - e>v - ^0/h y 2
^  - ° W 0 ' 4 ' 1  • ^
C|
* <5 0 ), c ?  x t m > /
2^
pi (7 -  j
b,
d 3
y f
M $&) . z, 6, (j - bow,
>2
co-e
y^i
V  r +
* v. •V
fX  Q  ^
I 3 3 f6-.3a;
UJ-'t
1 3  3
s*& tiat- (osl a n d  (6 2qj ar-c satis-f^d .
cv* ^  U - e
r-esutirs ,z (U  foKM of 
T ^  rg^n 4 -
^■f ^i, i e w c /  i c . f n - f / m ' t
s u c h  tin a, JC
tJ
n  b.+ e, 5/6 . r r j
•* 2 y  y\j 'J y)2 j o y  <^h<j -(-!'oc^a G) > 0
£fhe/ tf/, S« ti's-f.y (A2) fia-eri
P z ( h i Z i ) ^  <3. (2jk) ■eoc/v fcj
CO
A/
Ay
2^
a-V/'-y
3
M  is,(c
n
'/3
b, b,
r ir— ■ ' i r*~j
+  2 _  X _  #
•fr
fniJ2i ) +  M  8,(c*)i) f a )  f a 2* ?)3
W  ■ 13S7;
2-
/ <? " 3
+  /g/Zo;/; n,(ujn.){5(2S) f  y ( 3 ) . y
3 $0) *'~3
/ / ,  & h - t  p  g !<j i i o f a t  Si!i> I yi l o y y ^ z  C o h o S -&  e  o-e ) c / -z h 'c S
<-«* A  e . « ) < * u t * c t  } R art  d .  p  ar-e- f j i ^ n - b ' c j  (6-4.J a n d
/— / A-y 
Ah' ^  57r
/? '* <C fOf < 772 h i  & P  ° l Kj  oo At/ ' £¥I sh r
P j^  C R h-e h.C> /  o H  ^  ^  p y j e s - z ^ x t  3  f o o t  k  y
s u  tos. i 'h b \ 'b d h c j  j~h jz e 3 ? p t ' ^ s ^ l ’o r t <Z (p 3 o )  { o r  y ^  y] t o
cmuz o b'£<3/'n Ox u-erpj S i m f L ^ v  
-€ DC p  y^e 7  S /‘ G  h. ~t o Ph <3~t /A- (G ' . 3  I ) - w  *
We can also deduce from Theorem 3 that if 
n ^ r  Uj satisfy (S'/t) then
log ^ ( n ^  n j ) 'V (T^d • n1<? , r n ^ ) (j + O  -/mj ) y
where
J
&  = TJ h  # Also, if we let ^  = M  for 1 $ I ^  j,
a (fi ( L )j L ) enumerates a complete set of residues
(mod M) for = 1, 2,* , M, (l L <  j ). We
deduce from Theorem 2 that, in this case,
rn = r0 = *>' = r'. = 1, dn = ‘ • = d. = M and
1 2  J 9 1 J
hence f \ ~ z ~ ~ — ^ , So that
Q(J) = 1, A: 0 (mod 'X ), 1 ^  I ^ j.
This is the case of unrestricted partitions of (n-^ , ng,*" 9 n
given on pages 22-23 of (jl) •
Let
p2 (“j,'-' , n J  = P2 (ni> > V  M ) .
By
log P2 (n-p.- ,n.;iqi) ^  (j + cr/^i )
log P2 (tip n j ; q2 ) (j + r/clj )
for primes q^, qg.
• Let p5* (n^,- • , n.; q) denote the number of partitionszb v -i«v‘' .
J
of (n^,**. , n .) into parts whoffe components are quadratic 
residues (mod q). Then fran Theorem 3 for distinct
primes q,, q2,
log \ ?i («-,, •• ‘ , n.; q, ) /
 ... - -----   V. .4. , |
Z  (np-- , n,; q2) J
( Z r - ' Z j ) d
where
( ^ ) , 1^ S I 3 j), is the Legendre symbol and
•for clc*cl\ V > Ll runs* tfxycujh the
7f I (m o d 4 )
' 7 ■ft
. n  i »< jr  y - y
Henc e o t~l\ <z £ cj c*. / u o , 3 k) cj ^-2 ?
O <3 ") P2 ^ l * '  * nj ’ ^
b2 ^l* > ni ’ ^2 ^
/V ( X j + l )  np.-. n ^  ( _!)j _
(ij-x)
P2 S * "  ’V  qi } 
P2 (V " ' V  q2 }
ar OWL
V' Proof of Lemma3 «________ In this proof use will he made
of the properties of I givenin sections IH6 ^ JiDrthe proof of 
Lemma 3 define the linear operator/1 hy
\
/ X  gtxp-pXj) = g(xl3 -,X j ) - g(y1,-,yj ) s
where, for 1 3  1/3 j , x L = y ^ ( l + t ^ )  and g(x ,. -;x ) is
J- J
,any function of the complex variables x_ •••, x .. with continuous
J
first order partial derivatives. We assume from now on 
that
j
S  and first show that
=^i
-71 (x-^ #* ’/ Xj ) — ~rI'x'o^ J
where
Fr (x i,'/x i) =
^  2hj-i
L"1m“J X -  > ( Ijrp +X y ° g 7  +
r~7f - +. V — 1 l
= Z  n. x, +t,r* u y __
-  ^ 7~ fg:(> ' v-»
£(0=1 /](.))=' 1
First we consider
i . j _
Pr (x r -;x ) = L”V J( y  T + ] T  %  log x v ) + T t.0,(^’3)
pzo P vs*
Using the definition of we show that
J
. f t  ( S I  \ x ^  ) = 0 , ($*.4-)
A  ( L - 1 ) .  - L » - 1 (  £  t  * X L  t V  * 0 <  A " 1 * . <*s>
 ^ 1 ti=-1
/ X  (L 1 T^ -jV log X v ) = 0( *|2 LR 1 log yv ), ( ^ * 0
and for all py  o
r\ (L-1Trp) = 0 ( f  hR 1TrpR ).
We see that (%}A) follows directly from the definition 
of . To prove C$'S) we expand L~ as a Taylor series in 
j variables about ?, = § 3. = ■ *• = 0 to the third order
in and then apply To prove (t-h) and ($-*1) we
need only expand the given function to the second order in 
§5 Yu to apply j/L . We have
-1 _ , ir1 * i £ m.
■+ y  , t y £ %  )2 (Ln_:L) + o ( f L R 1 ),
where, formally, we have
7£ y = - i  S.V3 I,
1| -1
h!en/C &
j, I  I
-2 Lr/ tvM-H " ^ P y ,
+ Of?3 I V  ,
Also, for 1 3 V  3  j 7 
-J
\ p  % %  g - P  ‘ V, i ‘ VJ
? a | J r % h v ,
Therefore
jtl it J rj y I & ^ y
O  p y  P  / « } i )  ■  n.,!^
for all p  y  o
y  y  oj zvyv;|
+ o / S Z  , s,,xvj,/ y V ) i‘H w' 7 y y
Next, iThis proves W  '  ^ V
=  r » „ -  ^  • 6 - 7/ A
1 -
since
^  i ^  for 1 j. Also
7 3 V  = a  (n, - ^ 9 “^  V
r o (?3
from (S-S) . Put
y«7*' = ,
^77 = /»/n '
n.* = ?
n = fw i W  K)l )
for 1 //, 7  j . So by (/3- s)
+' _ -‘7  ’/(/+>)
j/ts) - n (Tro nq -- U j ) 3
■ y  = n"1 (Tro n1- - n
«J
From (5*0
-J _ j + l*-03
n ^  n^.. n < n
Also
-  -  j+»“e3
n ■ •■ n ••• n. <  n , so
1 3 7
* * —  J+'~£3“7h
n <TH» • n"l- £4 <  n 
n n
Hence
4 _2~£3
• n y  n and so
n far- £i)
Since
n
we have
Now
ytn
* —  Gz/cS+0
Z R  4  y^rl, ^  y  < T / ^
for 1 STt Z j , so that hy Cjl- >°)
J ( A 0 A 3  „ j  I  . .  X
-•^rt < r " y  <  'Sin "' S 4 r J
for 1 ^ i 3 j . Hence
7 (3* lp i 3  4- j  J .
. <  s ^ n  [ / " yj
for 1 J  t j  j. Now by
J - .
Z 1Kl' <  s i  <
& - i o )
(V'll)
^ o ( 0  . if we choose a fixed
integer K such that
K =
fj______ 4- —
X for any fixed £ 3  ^
then It will be the least positive integer satisfying 
S.K*S .
for all r and 1 ► -Z j
For p y> o
) - 2 ^  j
<  C  " '/t/f<i) r ?   ^ljj)1 ,
N. . H 7
/?
rp
Now for p  *> o
st &  P
■ <  S ' =  C  n ' ,( n 1 -  M j ) ^ J+,K  ? 0 
y 2' l Trp I C n ! (nr-^j)^^ (nr  Hj j ^  ^
— . s~ r- %££-*-. £3 $£$+0/(j' + 0  
L- fy
by (5.5).. '
-/ ft
(0
. For 1 <r v  ^  j
|-2«<
f  l n |t>jv <  c  ( V v , - / S ' )  . I.I0.3 *3
' (y-," ^ Jjj)i • A*'*,
•• J/0 5 / - V
^  c  1 ° ?  / *
/ *
=  * ro ®-(3)
as before since
logy*i = 0 (^*1* * ) . We have, therefore
- M  -I
=  -  L R
_  I
0-«
4
l\~!
***6) j
^ t u )
locjOCv') -  O 0), 
for 1 ^  j; and
J \  (L— 1 Trp) = 0 (1 ) ,
for all p y  o by (IS S) , (g - b) , (7>' ~*) > (%'%)
and (g*l3j • Hence
f Z ‘5)
(1 , t)
Y 1  F (x ■■ X ) = -Lu M'-A r v p  ) j y t-i
S-l 
\
tl=-I llrll+l
We now consider the result of applying^! to the integral
I (zgl> > zgg-l> zggfi » >zgj)
..06
^ h(uj Zgij--> zgg-l> zgg+i> *"> zgj), du>
where
h(u : zgl, zgg_! 
•» UC,.2^
zgg+l’ '" » zgj)
U'
... ( « “ “ “ - ! >
/O-l
- (zg l -  "gj)"1 M“J ( V^o + Rj(eU- 1 )"'
and
zg r  ’ xg 1‘ X U ;
x f. ^ *v (1 + 1 ^ ). 
yg =
for j £ £0 . Also?for all V ^  0
V  -  * V  ( z g i>  ••• >z g g - i >  f > z g g + i ’ ■
By Cauchy* s Theorem in (2'!^) we take u as a non-negative 
real variable. First, we show that under suitable 
conditions the operations of and £  can be interchanged.
Let
■ &£>
Q  (x i> > x-,) = f(u : x^*-- ,x.) du
fcis)
for complex variables x^,--yX . We suppose f(u ■ *.' x^, “ -> x^ ) 
is an analytic function of x l r >-;x. for all u o. Then i-f
iJ
(x l,*^/ x.) is an analytic function of the x ^  .—
J *
o£>
' ) x i) = \ 3 - f (u • x_ X  ) du.
2ccu 3 J * 1 J
T k i S  lAsovtld b e  s &  -k>' s -ficl i f  th# f
in -eel ) n, If) *
Now
d? x j  .
J
■x i > - x i) - . $  ( y i » y , )
9
1 u/ ■ IM yj)
ot>
5f(u: x 1 x .) - f(u: y ^ - ^ )
o
vl
- ‘ gt. ^  ?x,t f(": yi>->y3)} du
C*'
= \-_Of(u: X p - ^ x . )  du. (7>'1
J 0 J
We now require Taylor1s Theorem with remainder which 
states that if f (W) is analytic for l^V-aJ[ ?  and z is any 
point such that ,/z-af■ = r.<p9 then, for n ^  1
f(z) = f(a)-f^ t  (a))(z-a) * *•-. z-a)n~^
I ( (n-l)l
+ Rn ,
where
Rn = (z-a)n , \ _f(w) dw
2ttl J (w-a)n„ (w-z)
C
and C is a circle of radius p 7 centre W=a, for which 
r <’ p <  f . We let
uc^c
f(z ) = _ e ___________  . ’
(«' ~ V
where
z = 1 + t ( ^  + 0( ^  }>
Theorem let
i
a-1, P =1, p ==2 >. n=2, so that
-2TI
eg-) + 0( ). Also in the above
P' (f'-r)
Now
r = t (?,-1- ) 1 0(1 l):l «r C  ) ,
Also, for O S  , 1 £  L £ j
, C0\ I (F + i V ^ j A -
i +
• n M  ([
(*<2 /)
f +  1 ]
-£ “
/2<d,
/ i M/2 y> \(e ■*- •)
Therefore
G )
for 1 ^ j. Hence
K q i i  U h f r / k g
U H 2 H  s 
( €  - 1;
, u M<ii/% \(e — i)
f c - ' y + £ * f )
•¥ 0
C -i u y ^ / ^ g
f '
for 1 £ j and all u ^  o. For all u^> o w e  h^o-e
tt\-€K-e -fi> K-e j
( -j—r uat.a/*? n-^ M / %  J
J 1 u-1 ! I , '(e - ' )
L L-| --
-  O h 1 a  1 .
Also, for all u o 
u < d i M A ‘dg
= i +
( <? ^  I )
<  1) , 
.CwylEJ(./ay g)
and
euy.at/ 2y£ >  1 + u . /2
Hence
w y t c t/2yg
<?
<  c _y^
'• I
Hence,
A u e________
.-I (euM2dr‘- — 1 )
= 0 ) *1 , y 3 (yj*- y,)' ui -.1-1
It follows from (%-ic0 that
ko2)
/ }  ' u
-i
C“l
du
(eu H s^rt __!)
('n-xo)
= o Cf yg3 (ly- y.)"1 )
= 0 (  f  A i ( A i ' A ^ ' 1 )
Now
:gi ■ ■ ■ gj1 \ V  gl7 ■ gJ 1
+ (z
gl Zgj
ft . (z z H e U-l )~1 du
J glJ > gj M
= - 4 j  (zgi - zg j r V j  >  V v r ^ g j X H )'1
'-j
+ (z ... z
e1 gj
-n/zM
Since z
f V - j ,  Rj(zgl/",zgj )• l°g (l-e
gt = yt yg-1 ^1+ lf c V  ) + ° ^ 2 )> for 1 ^
right hand side of equals
o(lflyy yj)-1 y/; J  V g > ’" - 2)} .
the
+ o [ ^ 2  (yr .. y j )-l ygj Rj(n
- y g
= 0 l f ( y r - yjrVgJ^
= O'5 fr2/ * J W < - / ,rj )_1) •
• • •  , Z i )
yg
(?'-i a)
Also,
csO ‘ .
J-V'
.Y-l
r - _/ i/ -v v v/-o-n J“K
= ' ° \ f t i b r  % )  ^  %  17 H n - -
I ^=,J+I J
+  o ^ 2 3/  ( v  %  J ' |
V  o f f  ^  ( v  ^ j 3 " ' J , 2
- D ^ 2
U S )  * % (V-2 S)
Therefore, by (^‘-2.0^  > (ft '2.})^  CZ X2) a n 3 (t*-2-4)
- ^ 1 1 (zgl9"">zgg-l » zg g + l zgj )
= ° ? 7 Z
= o | (>>n *“ ^ ’>) ~2C.S iTJ. (nr - Iij )
r 3€jrtj __ — -j ]
= 0 ^ ( n y  • xij )cj^  . n j
= 0 ( n  2£s - ^ ( 2 ^+j)/(j+l) }
= o (1 )
by (S'5) . Now for 1 ^  k ^  j
1 (zkl/"?zkk-l , zkk+l /“/ zkj )
zgg-l > Zg g + V ‘/Zgj)
- (IM^)-1 .(log zk g ) .Rj -(pc,j -j> ;
by ({S'!),. . Now
y }  log zk g )
= J \  (L”^nj log xg) - jO- (L” ^Rj log x.^ )
= 0.(1), since for 1 S  j
’ R- 1■tj L ^Rj log y„|/
<T C n 
'= o(l)
by (5.5). Therefore •
1 (zkl/“ > zkk-l j zlck+l »*"yZkJ ^ r=,.°^  ^fc d2"5^
Hence .it follows j£oV y-)> & *& 2;
jO. 7 ^  = o(l). From (3*io) and y
y*|bl.?r(yV''''yj) = n^ _ LR~llTro mJ
f or 1 ^  L $ j . So by (5'^) ;
l" ^ yj,S.^r(yi,--, y j ) = o-^sl1 lR V ^11'1 1 ’
^  = o ^ . l P -  X(y^yr'- f
<r • . -j-f £sl
= ° 1 7 ’ y<n'r0
= o(l)
for 1 S ' I S  j. Therefore by i ) ,(7>'25) ?(7. 2&)j
pr ^ r ;  Xj) - Fr (yl/-Vyj)
j'1 ■ _ L  , \
X  £ X )  + »<”
Also
Fr(x i/-.Xj) = Fr (xi O xj) + °(1 )
by(3‘‘y>^ -,l)and (7^i> completing the proof of Lemma 3.
Proof of Lemma h , We let
h-i M-i
A & *• ^
v[\~o Hj- o
= Z 1i(ui y ~ )
Ii ( "i w  uj )
m
'j) + U-j )
3 “ irr J 3
where the sum 2 " . is taken over all th©se u„ ,*•*** u.
u./^ j 1 J
(o ^  u, ^ M -  1, 1/ =1, such that
t-l
(*0 ; ^  ) . Ui, —  0 (mod M)
0)
U,r K 0
for 1 ^ (Q ^ < I, ^  j # The sum
is taken over all these integers Uj not satisfying (S • l).
By ( 5  /3) and Lemma 2,
W
2lTt
U iy -M j
•e
^  ^TTf* 2 T L R ^ 2rTt- U‘M,/M +
"If' 2.  ^ ±  V St- /
X f y  ^  e x p  [-(Mj Lpr  ’T,;!) a  & + ^
S f i t l f l
If we transform variables in this last integral by setting
for | 5  J we obtain
^  iui) ^  L’L
Since the integral is positive everywhere
C ec ft
c +
• *. \ <
- r x\ L ,
j
| Uu\ ^
L~ (
u J-/ J
<r ( “ ... ( « c P (-TK- I  DvO- <*^  \ \  ^ 1>,»I W
- w
el u
Hence by Lemma 3
_ Ii(ui r ,7uj ) , t*--2 )
j N 9
JT )^  .s • 7 , ,
where
= Fr(yi/ 0  yj) + i(j+2 ) log lR +
+ -Jj log (M^Tpo*”1 5'*"1 ) - ij log(2 tt) - 4 log (j+l), 
and uij“~ 5 uj satisfy^-/).
Consider
fl> „ 2tu jflM/M f e„. f
>  Ix(ux ..., Uj) = (N5- LR^  l*' .
u,r uj ; u , r ^
where there exists a set of values us"'***>us' of ul, "*/>uj»
 ^ <f
such that
£ a(m,o u-su g of6</h) . H  (f  / ^ / <7
then by Taylorfs Theorem j of £«&Tr (nr o,± »,±2,* ^  )?
= log- fr (Yi».■••, yj; *? ) ' (l+of1})).
Also,
b, bj +
log fr ( y j y  y j ; ) = V  V ;  Tro (1 + 0 ^ ) )  •
&('■)-> )-/
mJ l r
where
rn ^ — rp ’
x10 “  20
rp *$•' _ m
30 " ^0
S ( , iir / r ^ )  ,
( i*?r 
= y ^ J  e  - (q+1 )
)-n ^ rJ+l
<Zr
.j+1
Hence
W ,y *c ij
r>;>
M u i u j }
'0
e tri 1 e
R
frCy./^yj j <),(i+o 
&  {%:•■■£ Tre*(i * o royyA/^ il
1-* V /SWr; nnjr/
= 0 L _
Therefore by Theorem 2 and CS'-O 
M-» N-l
5 1  V v v V
■fs-s;
M,"0 “ ]=*
-ij log Lr4
where
(' hl *  *  _ .
=  Rej 3 ~''5 L  Tro ( l w W ) / ( A ) i l o g  fr(yL-yj)
Also since
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o ~f "Hi 0 A n d  C o m  Si'ckk1 c m  Uj 'f'k ■£ vctYi'Ciiyi Oi\ S
ih +k-e u c v l u ^ s  ^  fir-e ‘ -eocai^p l-e co-e s - o t
Or, P - ^ Z 9// ’* rfe P,/“ j^-cu-i / 01|/'' ^ j }  ^
SO^-e o-f fk-e ^ u \a cho\e\ <ui e ^ u  orU OF\S d 0y -E’cvjr
-Ho^ . *3U  Hia<j n o A A ^ a n l y  be fb-e same /h -e^cU I ^ r -
C o t-M p a v' -£ (KM) w i  tis (13 11). C i » «  h O W  I' GO-* -
Ci v <• o h  I Vj f ~t  ^-^-S 'L-ecI m  e ^ . I c u U ’t«' i~i'» -e T  A ,  t' o $
-f U  ^  c t A t ^  o-^ 1 , *"*} /** rj a^cj Y\ \j'.''jl*J }~l)^ >rjz
.1$ jff-( U  U s s  m ' eg j? h -<? m  i r't^ .. Th -e. p  y <y jo-e ^  ° 'f’
i  u/,y C{ f j? cl-fc^d wf'f/i KtOK-e ^ L, 11 vj Via S'ec'b' 6 )A s 1-2 *“/ 6>.
If f/ is an integer belonging to the set p^, p2 m-;Pj ^  ^
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Now from the definition of Trp , i>jv we have for
1 ^  ^ ^  3 ,
r /.2Kb* I j
- m “JLR TKo -I, Q  )lR ' A  T,* + £  ?>*„ • log ;
d %  I " \Pro ^
= n  . a -  f  •
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= - R j' (>'!»• > y,)-log yt + d H (y ,-,y.).y log yt.
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 ^(y9_l yt, f *  ■ ■ ■ (yy1 y^  ) *
y  / +i tj
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where the first summation on the right hand side is over all 
non-negative integers such that
i \ ,  K,
( y ^  y^r.u) ‘ V X *  7 ‘V * ’)
is not
j*?
* C ^ 1 " y ^ yj) jwhile ' the second summation is
over all non-negative integers ~t|; ' " ”tj such that
Y sl« **"' ^  n o ’tr y^)yx • •• J
y ^  • Therefore, hy. (tO'G) and (l09’$ )OyY^yt
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Using the same type of argument as that used in lemma ^  to show 
that
— ^   ^ ^Z{3i , » z z^j ) = o (1 )
we can .show, using <$Q. jlf) , that
I »Jr (% '  yPt > v  * > 7  v  • - >  #  y ^ ~ ,  ) J
= I
A/
i r  <r- ^  cr>  ^ .
/ M  ‘ZL_. °-fe. .-t.-*, iJ .■••+/ *
u Pi 
',-3
x 0L_ I  ^  K
0 / ^  l'
i + ;~u>-/
£7 <£ j' i^\ ~f~l] •£_ "p y oo c> -j— I -C* m  ^ ^  d /■
M  n (l0'l6) f g o O L
Hence, by fi 0**50 and ("lO*BJ ~tc> UJi’fii/'h <2 rd'ZY’
Cio-n)
t' *■u
* r  1. ■ ,
W>* '* WM H u r
where the d are Q { l) and involve definite integrals of the . 
forms •
( / ^  '/Ap> 5“ ' > V'"'’SA1 ’
l'u /  ^ * " > p l5-V
for p^ I ^  j-^-1, I ^ g. Also
^ 0 , - 0  > 0 , - 0  -  (/*'pr
  I
Therefore u>, K'
can be approximated to the required accuracy by an expression 
of the form f/0 77>) .
A similar expression can be obtained for integrals of the 
type
■ W  (y3* ^  ya' y3-' ’ ys ’ y ^ ,  > yej’ y\s )
where Pt < I £ P j-to-1 , t /g. '■ ,
Now, by substituting in (~ I O e/§) for each y^ the
expression and equating the coefficients of
/^/ V‘/^j \y^  ; on each side of the resulting
equation the coefficients S’ can be calculated successively. 
So that, for any I ? & L* ^  0_) 5
t=l
, / J | v—  i (X Z )  -fr. ■fej j \ , (r,i'l A, , Y lr H i zZ t z_d •(% yj - (% ij
l+‘S-*j 0 J ' V ' O "
/
where on the left hand side the product is taken over 1/— k 
twice and on the right hand side each y ^ is to be replaced 
by f/O'fiJ) . Taking ~k\ - I; ~  ti " — O
(ja JZ- cj k 7-0 i k_ ^
/ S . * * " 6 . ~ M  rl
—  * ‘O) ij0y"O} 0,-0 h^/" ' ^  *)
I-' . J
for 1 ^ I'' *5 j and these equations can be solved to give
(^ ■>^ 0 . C r, (/} ,
each % i3g—  o > 0,-0 in terms of the d^ oy.^ o for 1 S i'^ j
More generally, by equating coefficients as above for any 
“tjM ?**’ we obtain
„  M  - 4 -  c  (r'v'; ( '.
2  S A r - i u t L - t L  +  2 _
y-i
i/ y
a  ,*;■ 6-;u r
~i>,y i>j'/ ti//" tuu J
I . .y (W i)
for 1 ^  U ^ j, where d. , M
't'i) '" Ai / l'i-1 )
depends on the coefficients d, dy and d" and those
(rjvJ , *
v Y v L  for which every V i $ T l  ^ every Vit S tt,
for each £**' i and
j to J oO
° < & + XT m  ^X_ V H tn
t-i t=*
• o-,i,) , /
These equations can be solved to give each o t,y • tJy tL|,
in terms of M  , ,/ ,/ 9 tor 1 j. Therefore the
"fc/y- L^n% '>tw '
coefficients > it,/*' can be calculated
successively, provided we first calculate those 
• C -  fcU for which +■ *'f» .
  . U> i c -
then those for which > t  +  2 Z tt* r <2. 7 anc  ^ 80 on*■ L=>  ^ i--i L
The y^ can therefore be expressed in terms of the ,
The Evaluation of the Integral I .
Let k(l S k S' j ) he a fixed integer. Then we need 
to evaluate, for R*(Zp)> 0 (p=l, 2 , **• , j; p^k), the 
integral
I = l(zl9 z’ ~k-l’ "k+i > J • • , z j
cO
where
= j h(u :zlf. . zk_i» zk+1 , zj ) du
= u
-j -/\ t l  -  p.
e - (LMJ) f  ^  R su  ■+
s.-=o / u(e -1 ) (e - 1 )
a  i -2 )
L = z^ (zk=l for 1 ^ k ^ 3)>
C, = M - a u 
for 1 j , and
Iis = Ks (zlf " " ; zk+l» '■*■» zk+l ’ * ") zj ) *s a homogeneous 
poly nominal of degree s in Zjl > z2 ’' ; zk-l ’ ly Zk+1 5 ‘ ;
Also
z
3
u-1
(/ u
- ( ^ f 1 Y
cO
L-l
, u.m r,
(e * -i)
_  S “ j - '
R s u  ,
for o < u <T 2 TT M^/fz*/! 1 where
Jz*f = max —  j/fzjj.i/J, 1» ./fzk+lh
for I S  k S j. In section 12 asymptotic expansions
for I are obtained first when every zu is small and
then, for 2 , when some of the zu have moduli which are
* /
small compared with the moduli of the others. C  -e v iV
Its are a ^ d  1 h e <j
cxr-c p  y o u  jz g{ f n  - f i \  f g s e c t i o n  ;
3 h  £ e c t i o  K  I A  -eoc p  r e s  s i ' a u f  ck r-c
o U t c + i n ^ S  - f  o y  JL ? ic^ y “y"2:j ), i n
~f~h-£ c A S  -e c o ^ u  . u  -e iccj ZZ ^ I S  V ■& C( L  a  in c l
p (3 to ~ £  *€ y~o - t f <0> J — *5 ' C/ <T . m  6 0
o P/>«r t o w e l s  t o  f U  t e w  i k
f|r€ - f t m ' t e -  s - t r i ^ s '  p \ - e s >  < r t c , ± ) o v \  a - f  X .  
ci-eps.i' d  o h  th ■<> ^j.. i-f J >  2  • 'v*oh-e
Q -0 h •£ V &. 1 u v  J- OOj V" Pi j' 7 f°J-uj- 1 ^  *
j V ) t v  o cl u  c -ec i i n  ( \ \ )  1*5 a  I s o  c o  h  s  i ' d - e  y -<? d
a  v\ c l j~h e  u  p  p r  h o u y x  c j t o  t i e  - e r r o r *
t j z v w s  ) 5  i‘s \'\A c l e p - e w c l e i x i  o - f
G Y  c i ^  p - e Y x d ^ n t  o h  f~L~e C i c c o Y c l \ ' n c j
a  £ . j - c O  ~  2 o. v- j “-U) >  2  . s b e - f o r e  ^
OO e r\0 CO C\ S S Ca w\  'Q -j
(a) | arg z L \ <  \ Tr - 6 for affixed & 's’ O  j
(b) / z* I = max | z < 1 , 4-)
where 1 ^  ^ ^ j. For all real 'F we define the functions
BJ :n) . v A  (?) toy .
teH  = I * V  B M ' t" (// -5)
(e'-l) nl
for o <  j 11 < 2 tt 3
• ' t ( ^  - 1 ) - f  f e W t 1* (n - A
(e^-l) n !
for \t\< 2 n  . By comparing coefficients in Cfi-S)
and ( l i b )  ^
Bii>J = -i,= T -  x ' .j '
B 2r+l( 0  = ^
for r J/\ ; and
B2l ^  = +(-!)" ' Br
for r y, { , where Br is the rth Bernoulli number.
In particular?
B2r(°) = B2r(1 ) = (-1) B r  7 '
- (I I . V)
B 2r+1 O )  - B 2r+l(1 ) = 0
for r 1 . From and (/1 Sj
0 n ( 0 ) = 0 , for n >  1 , 0 , (l) = 1 ; 0 „(l) = 0 ,
for n > 2  •
Differentiating (// S) with respect to T  and equating 
coefficients gives
D B,(rJ = 1 , D B„ft) = n for n ^ .  (> I
Consider the functions B *(1^  » 0r\(t) defined by
Bn* (T ) = Bn^  » for 0 ^  < 1 ’ n -2" r »
Bn*(r; = Bn*(T+l), for all '? , n >  1 ,
0 n*?s =<Pn(T) , o S' -T < 1 , n > 1  ,
= 0n(7~±l) for all 7~ , n > 1 .
From (in) b / t > , 0  it(T") are continuous for all T  if
n ^  2 , while T) , 0, ft) have a discontinuity of -1 for 
every integral T  •
We have
06
^ 1 n 2 n 11 't' = i - T  = - ( 0,(7) i) (if 1 0 )
n -1 n TT
for o <1 1 . The series is uniformly convergent for 
o ■<’t 1 and boundedly convergent for o ^  t ^  1. Hence,
integrating termwise
n - >
1 - cos 2ni7T \ = V?" - x r 22 r
2 n “ jt
or
CO
Therefore
0<i
2 TT"
2 22 tt 11
^  cos.,2 nrr2 :_ = x ( <^ /nM +B,) = i (T)
n2
for all ) o More generally,
t>6
B*2k(h) = (2k)l (-I)*-1 2 . y  cos 2 m ?  (ll ll)
(Si r r n ) ■ Kn - 1
for \y/ 1 and all / , while
oO
B* (T) = (2k+l)f 2 ,\ sin 2 nirr ///-/.
2k+l / \ — K -r 1 ?h r ,  (2'TTn)
for k/y 1 and all . Also
A ( 0  = it)- —
for all 'T- . We now use the results above to prove 
Lemma 7  - If, for any fixed T  (o < P ^ 1), f(t) and its 
derivatives are continuous in the interval o t ^ 1 then
f(r) =
n -i
where for t y, / ,
)
- & L  = " K  ; ^  ),
-i
J U ( n-i
\ £(t) dt- + \ BAfr) V  f (1) - D f ( O  ) 
J° h t n I I
V u
B, (T- -t) D f(t) dt .
Ol Jc
Proof Consider
. ^ v  = ~ ^ r & )
= - 7 7  J B* (T-t)' Dr f(t) dt
O
for r  1. First, if r > 1 then B * (t) is 
continuous and
pl-13)D Br* ( P -t) = - r B*r_1(r -t) 
by (U'°,) . From the definition of B, (T) we have
B r*(T) = Br*(.r - 1 ) = Br (r) l o r o  s- tv<' l. (fi-14)
Hence
Br^(r-tjD f(t) dt
r-l
(K-0 !
_  *_ Br(l-) ( B 1-" 1 f(l) - Dr_1 f(o)/ + T T  ( , (H-15)
r ! J
for r ^  1 by (ll J^ k). If r=l let o <  T<T 1. Then B*r (t)
has a discontinuity of -1 for every integral t so that
'B* (-O) - B^ C + o )  = 1, D B * i ( t - f )  = “ I
where
B 1*(+0) = lim B,*(t)
C
B *(-o) = 11m B *(t)
L  t. O -  ±
Therefore
f(^ ) - \ f(t) dt = { B ^ t - o )  _ B^ C + o )  \ . f(r)
* *
D  B* i i) . f(t) dt . (11-16.)
Also
find
>t . f(t) dt
T
= B*1 ( + o) f(r) - B ^ j ) f ( o )  - rB* 1 (T--fr).Df(tj dt 7 (l I n )
o-
I
tpB* ( P  -t)J f (t) dt
J I H -
= B -1) f(i) - b * x (-o ) f(T) - ^ B *1(r-t).])f(t).dt,
and B x (t-l) = B x (T) = B 1 (T) for o <T >  <" 1 
Hence, combining (2 I * i b) , (l I 17) ()0l6)j
f(r) - jf(t) dt = Bx(r) jf(i) -,f(o)j - Ct -t ).2)c (t). dt
= B (f) [f(l) - f (o) j + ; (l I I $)
for o <  T  <  1 . This holds for O ^ hS l by the continuity 
of f(t) and its derivatives on o < t s' 1 .
If we let {/ y 1 and combine (//■ Itf) with (I l -f S) 
for r = 2 , 3 , , I' we obtain
1 —  j ‘ ~)
f(r) = \ f(t) dt + y  Ba (V) |d f(l) - D f(c) (
J° ,r~  h i I  J
+ $ 0 ,
for oS't'3 1, . We use this result to prove
Lemma . For v > o, O <: T  ^  | and any fixed positive integer
k > / 2
K-i
la = .1 + ) '  ° n U )  V + O(vfe)
( g v - 1 ) h~ i n
Proof • Let
f (T  ) = e , for O  I f v yO,
Then since f(T) satisfies the conditions of Lemma7  we have 
l l<~\
^  f  rJ+ \  B f 1* ) n”I / V Xe = 1 e dt + /  <T 1 v (e - l )
J„ n - 1. n I
‘ *
HI
{ c l t
r \
Hence
ve
Tv
(ev-l)
K - /
i + y~
k-H
n
V
k!
B
*
i
for o Let
o *  = ~~o k (o') y )
k + i I ^ tV
= -v_ 1 B ( 1 “t )- e dt
k <
>0
(ev - 1)
for k ^  2. Then
I o
k+i
ic
lc'
<  £  
k i
f
(ev~l) J, 
h+i / v
Bi^r: -t)e
tv
l\T> V V
V (e -1)
(ev-l) V
£  vk 
k 1
where, by ("l I c)nc( (Tl J ?
iXi
<  C = 2(k!) 2.  j
l ( 2
g - t )
v -l)
dt
for all k 2. . Therefore
| Ok. I ST S.’ l/K
where C  depends only on k.
Lemma °{ • If Re (s) > 1 and
o <  a, $ H  for j, then
=  M " S  l(s, % ) „  T ( s )
V 
c<j
S-l
u e du
U M
•iN>
( V* 1^1
e -J)
where
(s, b ) = j [  (n+b)-s
for R (s)> 1, o < b ^1. e v *' 7
Proof
cO 6 0  .
s-i U'.M- f s 1 Y
u - e  e d u = : i u . y > e  du
( e ^ - l )  J D
o
e^>
\T f  S-l - ( A M r a u)«
= ^> u e du .
by the monotone convergence theorem provided the right 
hand side converges. Let
w = u (ijO M + &\, ). Then
eb r , v
.i
e du
*  r
r  \«s-
r\-o J D •
cO
-I s-l -w w e dw
h=0 Jc (nM + Q-i )s
od °°
M~V (n + cV m)“S ' ( e W  W 6"1 dw
' ■' • = (S', < V h >  V(s) ■
00 ll i C h CO ho tj't? £ ~fo[^  (s_) I J Li £ ~t} ~f I ~f~h
1 14 V <€ V S I o n  ■
kemma /^ If
u  (M ~El) oo n
M a - e  = 1 + y  ( H U )
(eMU -1 ) ^  n!
for o u <T 2 TT M where
%  = (m - a j / M
for 1 ^ Is $ j ( then for any fixed positive i n t e g e r ^  , 
M S. £  (s, a "/M ) -^(s)
oO
[^ (M - &u)
G    - J _  - \
(eUM - 1 ) . M U  U
u s-l clu
nl
Proof. By Lemma 9
Zm
M~s % (s,Vl) f(s) = ( \e U ^  ^ -__1__ ( us_1 du
(euH - 1 ) .(Mu)
'0 v
s-l ,
+ e .u du
M S (s-l) (ea M . -1)
Zm
for Re (s ) >  1 .
This holds hy analytic continuation for Rp (s)> Q  »Also,
if R ( s )  <  1,
S - l
u du. Hence
M S”' (s-l) J u
Zm
. M”s f  (s,a7rt) . I (s) = ffe^ 1 - 1 |us-1 du
JJ (eaM -1 )  (MU ) j
for o< ' R e (s) <  1. From this result we have
Vm \
M“s f (s,3yfj) . I(s) = ( je ^  — 1_ — B (\)/us—  ^ du
i (er,- D  m  J
u
Si&l * f “ i '°J - 1 } „ - l
S M S [ (e"-l) Mtf
u° A du
for O  <• R e (s) <T 1, This holds hy analytic continuation 
for R (s)> -1. Alsoe
<K>
B ((r„) ( us_1 du = - B i ("*»•)
J '/M  s  M S
for R e (s) <TO  . Therefore,
o<5
for -1 R e (s) < ^ 0  . The process can be repeated any 
finite number of times. We obtain the result stated in the 
Lemma after a total of K  applications of the method used 
above.
12„ Asymptotic Expansions for I
Let z^, for 1 <  I ^ j, satisfy (jh4*) • Then by
Lemma 2? for all u y o and any fixed positive integer K,
u M ^ V  K * J Vi
  = i. + ' y  (uHzJ) +
ii ) -------------- -
ve nj
h = I
where
y y v  = (m - a ,,)/>!
for 1 ^  i £  j .
Let
R v = V  (zl> “ ' P zk-l 9 1 > zk+l> > zj)
= R v (zl> ' 7 zk-l 9 1 > zk+l> **"' ? zj5
for all ,l/>0 and any fixed integer k (l k ^  j). From
01-3) we see that Itv is a homogeneous polynomial of 
degree ✓ in zr ,-- , ,/zk+1, ■ ■ * , Z y  Let
w i/ = ¥v (zl» • zk-l’ ». zk+l> " ’>zj>
= R v (Z p - , zk_ lt zk+1, z.)
for all \Z y/ 0 # Then
h ( u: zx , zk_ 1( zk+1, ,Zj)
fcri
i i'i iaM  — I ( -<5——  V "s/ V
= (UlJ_1uJ) e (e -1) f 2 _  W t t +  ) 0(M 3.* U  )
v- o >v*K
11., u
V/'-J-i
+ 11. (e -l)
tJ
- (LMJ )“
Define
tp. - i  > r
y  s.l + y  B v (%) (Mu)
r tzr yt
for all r ^  1, (l £ k ^ j). For all u o
(12'Z)
o-l K-i k<i-‘)
H  = X*v,l/ O^^U17 y  ); (fl-3)
V-Q V-O V-k ^
if }\ >  j . Also
J 0 *i
Rju
v - *
K-i
y  r v u
.v
v - o
+ o ( / / a  ( - e g ? , , )? .
v’K L
Therefore , hy (l2'2) >(/2\3) we have for all u ^  o
h (u: zi» *•“*> zk_i> zk + l » \ > zj)
= (ur’- 1 )-1
K - i
(#) + ) o [ M  Zv z -
where
^  UOc
^/u)= u e
/ ^  , \ (e — 1 ) M M (eu - 1)
for o ^ l / ^ *  j-1 ,
/  iA - fa
rjj(u) = _ 0
(e - 1 ) M(eu-l)
and
#(u) = uv-J eUCK
( U ^ 1 \ (e - 1 )
for vy/ j+1. If we'let
&  V ~ v^-v "" -J q
for all v y / O  , then
^v(u) du
K^ -')
L m ^""1 I = y _ _ a v  . v v  +' > o ( m' civ z
.V
v-o v ' K
K-i_
'<v - " V/
V - °
Let
A v (s) = V u S (if) du
Jo
for o ^ \/ <C j-1, -1 R q (s) <  1. Then since A ^ s )  is
a regular function of s
Ctv = A v (o) = lim Ay(s)
•S-^6
for o <  v jT j-1. We have
u ( ) s+V-J 
A ^  (s’) = e  - I u
(euM -1) Mtf J
1 ' du-M- 1 ( $ - v - uV"J u S (eU-l)
u(M - S k) —  , / <W->J
e______  - 1_ - ) B„fr,J ( % )  j „ . du (U-l)
(eMM - 1 ) Mtf hT7 n!
6
- B i - y i r Q . n ^ - 1 . du . ( ^ )
(j-v) ! Ju (eu-l)
By Lemma j6 the first integral on the right hand side of
( \in) is
M - ( S+V - J + 1) £  (8+v-j + 1 , a % ) . r (s+v_ j+1)
for 1+v-j <T Re (s) + V  - j + 1 v-j+2 , or
for O  Re (s) 1. By Lemma °\ .
• a v = lim Cm (.s,v J+ 1 ) ^  (s+v—j+i,^^|) . J1 (s+v~j+l)
sr->o I
-  B-j-r 0 0
(j-v)!
for o ^ v £ j-1. By .
q. , = lira ( M“s ^  (s, ^ / m ) • T^s) +
J I
+  f2a, - M) . £  ( s + l )  V ( s +1)>  ,
2M
= lim ,f(s+l) | M-S £  ( c / ^ / M  ) + M-SS D t ( 0 ,a yf-i) 
s I °
- lim r (s+i) f ^ M—S - M“s Et* +
S*o s [ 2  M
Hence
+ 0 (s2 ) +, 2a -M
2M
O(s)
M 5" (s+l) - V(s+1)
= loe } r 0 LKH  - i i ° e M  + (2aK~M ) (y' + log m) .fu-Q) 
I VM/J \ 2M J
since
lim (iCfzl ) = - log M .
For any positive integer %'ty 2, by (l2 •%)
a H  = lim jM-(s+1- V  $  ( s + 1 - % ^ ) .  p(s+l-'I)
- t-P- 1 . i(s+l) - T ( s + 1 )'
%\
Also for any non-negative integer b
^  (-!>, 9 -/l) = -DBb+2 &*Ai) (\2 ]0)
(b+1 >(b+2 )
where is defined in Ql-5j ‘
Also, from fll-S)
Bn fr) = (-Dn Bn (i- r )
for n 2. Hence
,~Q j_<r = M^ " 1 lim ^(s + 1 )________ *
^ s> o s(s-l)(s-q+l)
1j sT (s+1-^,3%)M"’s - B^fe) . £ (s+1 \s ( s—1) (s-q+l) j
cis!
= lim I (s+l) *
s* o s(s-l) • (s- ^ + 1 )
+ H~?s. D £ (i-I^/ m )
- Bq. ( '* ) (s-l) ’ • ’ (s-'j.+l) (l+V’s) •+■ 0(s2 ) ^
■ V . ^
_ xft-l xim I (s+l) | £-]) M~s (%. )
s>o sTs-'l) •• (s-q+l)(----- -------------
1 cl,~l \ ^
~ Bgy, ) ( S-l ) • ( S~^-+l ) ( + (-1) . M o p ]? (< - ^  ’/m) ~ Y M Bc[t (Jk J
v. J (VOJ V-
We first let
^  = 2c+l, c = 1, 2, 3, *’■ * Then
n= M2c lira I (s + l)
s>o s(s-lj:.-TZ=2Z)
- M“ sDB2c+2 (Tk ) - B2c+1^k) (s-l)’-  (s-2c ) ( +
(2c+l) . (2c+2) (2e + l ) ! “ • J
+ M2CD j' (~2c,Vm) ~ Y  M 2CB2c+ 1 ^ k )  ?
(2c+i) r
Now by and ;for o ^ 1 ,
D B2c+2 (T) = (2c+2).B2c+1 (1 -t- ) ,
B2o+l0') = - B2c+1(1 - r  ). Hence
"‘W i  = >12C lim f  B2c+1 (1- T k ) /  -M~s + 1
0 1 s (2e+l) ^ (s-l) ••• (s-2c ) (2c) J J j
+ M2cD ^ (-2c,a "/tl) - •/" M 2° B2c+1 (Tk ) ,
(2^ ) • [2 c+rji
By using a Laurent expansion about s=o, we have, for small s
I  (js-rr:'''r rs-2c ) + i h i ) =i k ) i  ( " i 1" 1 + log M)  + Q { s )
Hence
= m2C B2c+1
+ m2° d ^  (~20* - y"m2c b2r+1 (He )
(2c)! (2c+l)!
and since
D V (20 + 1 ) _ 57 I ' ' —  - V
T  ( 20 + 1 ) I-.,
we have
Sj-Or i = M2C I d -1 (-2c.^l) + B^C+I (^k/ m) . log M
I  (2 ,) | (2c+l)!
- Bj«*i (Sk/ m ) . D "P (2c+l) / • /iS'/lJ
l i c T r r r  r  (2c+i) ^
Similarly, if
<-p = 2c,' c = 1 , 2 , 3 ,*'° then
2c-a  ~   P (s+ 1) ) -
s->0 s(s-l)'- (s-q+1 )] (2 c ) s
M~s • 1
(s-l) (s-2c+l) (2 c-l ) !j ]
_M2c~1 n (i_2c &«/yl) _  m 2c-1 y  ^  %  )
(2c-l)i ' Tscli
By using a Laurent expansion about s = o ’ .
i  (  M + 1 ^  (  i - log MI + 0 (s)
s \ (s'-l-)-- (s-2c+l) (2c-ll1J (2c-l)] \ ^
for small s. Therefore
= M 20" 1 (  y V  - log M
 j ^ j r   L f ;
- M 20-1 D (l-2c.aK/H) - / ft2c~X Bac ( K  )
(2c-l) ! (2c)!
This gives
C * 
J-
= M2C~ X . D I '(2c) + 65.12 )
r ^ i T  p  (2cj
0 ♦
- M 20-1 (log M)D-ic (3i,/m)
(2c)!
fa' 1Z)
- M2c~1 D £ ( ( -2c ^ k/m) • . .
(2c-l) ’
So that in ^12*6^ the coefficients G y  for o ^ v 5 j-1 
are given hy (l2 -Hj and (L2 -/2 ) .
By Lemma
"Gy = ^  (v+l-j,'3^ )  - I (v+l-j ) ; 0  ^
f or j+1 .
To find &  j we let
Aj (s) = J^u S (u) du
for - l < * R e (s)<'l, so that Aj(s) is a regular function of s 
and
G: = A|(o) = lim A-j(s). By Lemma,
J J s*o J ’
(s+1|,S-k/h) l(s+l]= - 1 V us du
-1 ) M  K
for - 1< Re (s) < 0  . Also,
M  ^J’ (s+1) I (s+l) = M  ^ f/  1_____  _ 1 \ us du
J I (eu -1) u Jo
for - l < P R e (s)<^o. So that
p^-( S + l ) (s + l,3yfi) I (s + l) - M 1 J>(s+l) P(s+l)
oS , \
. u(M -&h) ") „
e - 1 / u s du
(euM -1) M(eu-1)
o
for - 1 Rp (s) <  o. So
s?
m ^(s+l) f ^  (s+l,31^ ) M S - 'j (s+1)
P(s+i) [ m“s —  m~s D  T@L*4j)_ s-i _ y- + ?
M . t 8 . . . T 10 h/h ) J
= lim
s->0 I s r  P * /•/
=-M-1 f log M + D rfa/fa) + vl ■
L T(a VH) J .
Therefore, the coefficients of Vv in for any j ,
are given by .()2,el) >(j2 ■ 11) j(l2 ■ 13jj(l2-l2>}and -(]<3'-14-)'•
Next, we consider the case when some of the have 
moduli which are small compared with those of the others.
We assume j 2 and note that for any fixed k, 1 ^  k ^ j,
*(zl> --- i zk-l* zk+l* ' / zj^ n0^ a symmetric function of
zl> ", zk-l zk+l*" 7 z j * Therefore we denote the small by
is,
where
z. , z, , *-* z. for CO <' i - 2 ,
9 L1 9 ' ucu 9
1»1 , ^2 »" ’J is a sequence of cj distinct positive integers 
satisfying
(i) I-I ^  L  <' "• ^  ^co ;
(ii) I y  U,: s' j , /  •'I ?  k :
for 1 ^ i ^  o) We denote the remaining j-^-1 z^ by
* Z v rr
pi Pa ’ ’ V  ■
where p^, P2 > P j ^ ^ i  is a sequence of j-^-1 distinct 
positive integers satisfying
. (i) P1 ^  P2 <r ■ ^  Pj.,..! ,
(ii) I- Pi, ^  j, P.?1 k1/
for 1 ^  t <" j- -1 7
(i i i ) k, ^  ^
for i < t, < CO ,
We write
/
wr = Rr K  > '
II
Rr (zp, *
II
46 
h
a
r \ >
where for 1 ^  K ,5 j —u)—
Zl ^ zf- < zk-l
Let
/
L
a>
1. Iz w ^
5"'
//
L =
I z'l =
. 1 znt =1
max ||zt||
fed
’
ii max j/ z?| /
From (}l*3) hy equating
)
Zp. )
h-j n-vt
for 1 ^ I ^
z ^ / j
’ l 11
//
Rr = X -  Rr-^ V
V Z c Y
(13-is)
for all r ^  o. We now use the same method as that used in 
the proof of For all u >  o and any fixed positive
integer K . .
cd
z i: Mu e
I-I
K- '
•i )
= ^  Wj/ur- + o f u W r) ,
r- v i\
Therefore
h(u: *v --, zK_ x, zk+1,- zj)
-1 // .w-1
= (MJL) (L M ) u
K- I
W. ur +
t'i<
a c K
Y - 0
kid% 0 (u
(ewR^l) l-l
CPt
e ______
/ u rl 2i3: - \(e - 1 )
rMrz/r "
- (LMJ ) 
Also, by (t12 /S)
j-i
0
0-1
Z v
l<-l j-r-1
\—  t—  // ■ / v/-+r
> > E „ V  »■■
V-d t - o  v = 0 
k(0 r J^"1
rr k i/- o
Hence
K-< //
, r r ,y x 
0(u M z )
R jUJ = u j +J-r"r 
fa
Z  ^ Rj-r V  «J ) • 0(urMrz'r )j
r~ he
Therefore
h(u: zk-l» zk+l» ; z j ) '
(lmJ)” 1 ;(.l//mj<j) h^ r(u ) ¥r + y  ^
r~o
where for all CO yy °
hu,,r(u)= ku,r (us Zp * > z/’0 )
= u
r-oi-1 U Ck
e
(e*rt - 1 )
u-zP; CPi
,,\(e
l_< M  J- ri;
l-l -1)
(L MJ J-1) >  u - ' « - '“1
V~o
+ R . (eu- l ) 
J-r
for o <•' r Z  j-l
( iz. 16)
vi-w-i ucK -u-i
= u
(e“M ~ 1 )
CP{
i = i (euM2p‘ -1 )
(n-n)
hu/, r (u )• " (u: z f, > ,z o/  * j -UJ - \
j-u:- 1
p- ljO -  1
= u ' e
UCic
/ u*i
(e - 1 )
i -1
(e“M7p' - 1 )
for r >  j+1. If we let
(zp , Z p  , )
for c. o'^o, and all r yy o, then
( L M J  )
K--J
I =
r - o
1 ' / X  j<^  \
T^,r. 'v + 0(2' M ),
or ( u ^ O )
i f  * r—  t  ^  /
(Lm )I = (L ..'M - L - W l ' V  + 0 ( - ' ) •
When Re (zp )^ 0 , (l> = 1, 2, ■ • , j— cj-1 )
I^  r converges and
I v ( Zp |
CO, U> II * > z rj-to-* ) ^ ^ Z P, 9 ) Z P , . c o - l  )•
If we now expand I ^  y as a series in the same way as I
was expanded we obtain
mJ-"-1 l" I.' = v',' + 0(z"K' ) '  ( < I ' 21 )
Z  JhH ft»jV
r'-o
Then by (l2-2-0) and f 12-2 I)
K-l kL'
T  _  7  > T.r T.r l (rr /  ^  \  > nL MJ * I = 7  ^ W^ W , + 0 (z' ) + 0 (z"- ).
Functional Equations
In this section we need only assume that R ( z ^ )  4 0 
for 1 ^ I  Z' j - .-1. We also let ^ be an integer in the set
1 , 2f f j—w—l«
K,y = fafcr,,- >***-■ '» &,>■■■ Zfj.*,-') 03
Kpr(y-: ^pi >  ^ps^i * 3 n ° i >  * “  > u - 0  ■
For all r 2 / 0  let
Rr = R r ^ A ^ fe;-
where 1 ^ h ^ j- -1 and K ” 1 is the number of z ^ ;  
satisfying
z. < z n <’ z for 1 ^ 1 5  i- -1 and any fixed
. \ Pi, w k-i J J
k (l ^ k ^ j). First we consider the relationship between
the values of the I when the zp differ only in sign. We have
P 1 t
, - U M ~ Z r . v
(e r‘ -1 ) (eu M ^  - 1 )
Hence by ([ I'-S)) 0^ '"^  and equating corresponding power of u
we have for all r> 0  >
z PL-,?~2fi;'2n*i; z P)-io-t 7 dp?'" H- &pi?
2 P r ty,  P^j-w-, ; a 0- 3j) ■ ' . 0 3 3  j
Therefore by (7 3-2) and (73*3)
/ •
hto,r(U: ~Ze^ ~'2*o'z^>'- af,y aPi |j M-
0 (^r(U- ~2p)j" ~2 pj.u „\ I 61
Hence from fl3-^
C (zp» ■»•" za-, ’ “ za  * za«' r " '• z^ . . ;a»r >«-»*/•' a^-,)
W ,  ■»■•• > z pj-c„-, ; a§' ^ L . , )
/
= “*
-  ‘ ------ 03-4)
or
» ■' Z Pt-. * ’ Z ILm ’ Z|>J-U-< ; a p ’ ' “ f t . )
= ~ W  (z?< zw .  5 ay  ’ anH ’
Next a functional equation for I is obtained. First 
consider
h* (u : z z, ., z , * -» z .)
1’ lc-1 k+l’ J
_1 CI^9CK uCcj F T
= u e tr e e
for l < g Z  j, " l ^ k ^ j ,  where for all v o
£ v  - 2  W (zl»‘ 9 zk~l» zk+l> > zj )
= M zl> z2»--> zg-l» 1f z: +!»' , zk-l» zg, 2
We have
h* (u: z1, - , zk_1, zk+1, -; Zj)
_i d ^ 3cK-
u e
(euH"5 - 1 ) (e^-l)
u M
u z LC(,
Lr j 
l/fc
(e - 1 J
. -» ( „ 1 
(LMJ)- -Rv u -1)
Hj (LMj r 1 7 (eU- l )~1 - z, (e^ ''9 -!)"1  ^ .
Hence
h* (uz| : ’ 9^+/i~* ..
3 ^5
2 ? k^+t
= Z ..-1$> h(u: ’I#'"/ zk-l* k+l* , Zj)
-1
k+l
9
Since for. all i/ > 0
Hence
Cvd>
h* (u: i ... " a t 9  ,f 9
' Ci
 ^k-‘i . •• ~J ) du.9 9 9 _....... - 1 9 _______>
z 9 ^3 ^
Let
Jk-1 ’ ^k+l>
( 13 -5)
ZU " ZKL ” X k X ^
for 1 ^ k ^  j, 1 ^ j ; then
. h* (u: z^l* > zgg—l> z
tACq
§k> z| g + l v -
j
= u” 1 e
(e
i
• 1 )  ( e w M  - 1 )
z" ’^ i. zgk+i>
U ^ C ^ L
(e - 1 )
l? cjj L? k
( 13-0
= h(u: z£.i)»
since
i5i/(ztfl>* * z939/-15 zgk> z^k-l> \:k+l>*'* *' z j )
-^v
= (zgl> z9;2 > ‘ * ^  z&k* zg;k+l><>‘'‘> Z0;j )
U) -£ k & U €  by(l3'£) £)/) (/(j3 ' &) j 
X f e e i ,  ■ ■ ■ ’^ ^j)
~  1 (zkl> ‘"i zkk-l>■ zkk+l»*'>zkj)
(LM*^  ) log ^kg kj (x^j • f Xj ) ^
(13-7)
He have
=  ( i / m j - v 1 ' C l 3 * ;
V -  o'
for any fixed k (l ^  k ^  j) and o -< u 21TM~^ minjl-jl 2^ I ^
Hence for o <" u <" 2 T7m"’1»,h(1 ,\^"\ . "*") the series 011 the right
hand side of (J3 ^  converges uniformly in the zp. . Therefore,
differentiating both sides of (13-&) with respect to
(l j-eJ-i) gives
J-W-l
Ksl Cp_2*p^r-co m ,<-k  
u e e ) C p - M —  M
[ewM^  -1) I (euhzp' -1
= (1, y 5-  uy-j+r-l _ R^u -^jH-r-
~V'0 ^  ?^l v=o
— 1 —1
for o u <T 2 n M min (l, | ^ 1 ) . Hence
(NJ
(cK -„) y  »; - t-1 X  »;
V-o
•, o-*
V  M l  ute'-J+r-1 - z ~ X J -  R '' ufe/"j+r_1
/  ' C-N —, ^ ------  o' p v~a* 1,
for o ^ u ^  2TT M  ^ min (1, ),
where for all V 7/ . o
■R£ = r v ( z p . zp > l» zr > z,o » zp. ; aj>>“*■ ,M)V ■ v \ r, ”■< ** r l ft '
Equating coefficients of corresponding powers of u in flS^J we 
have, for all 1/ ^  /
// _ 1
aD. R, - zl Rri * . ru . ■
O  R" T?"o' . - zp. R
* t
f 13^ )
3
Now for o y y ^  j-cO-1
9 ^ Pi
0-u>-/
X'—CO
u  e
(e - 1 )
u c Pt'ZPi w M 2P:
e
(euM^  -1 )
i(Tp- M
j-r-i // /c
1/ - o
9Cy » 9 Rj-, (eu-l )~'1
'^2 ?i ©  2  Pi
j-r-«
r
V - o
// r+i/'-j -1R u
V “ j-.. (eu~1}
-1
H e n c e -  b y
i
( « :  z p. 5 a ^ . , )
&
/ J,
r-u3 u Ck ■ ^CPi~Z-pl
e
W M,Pl(e -1)
+  a  p. ur+tC+l-j-l + (e" _D-l
v— fj) u Ck
-  M  ur w  e
/ ^  \ 
(e -1) l-l
ucPi^ p-
e
(e - 1 ) (e - 1 )
J-r-l ■if 0 -j \    ijS, I+U'-J“*
M  ( L  rzPi M  ) ~ ± <) > '  It . u + (eu-J r1
= - a pt r+i (u: zp, >*■', zp,.^ , > aj^t • .*■ >  ^j
f, 9 » r-; ’M,
T h e  s a m e  r e s u l t  h o l d s  f o r  a l l  r ^  j b y  u s i n g  a n d ( l £  l%).
B y  ( D  I Q  ; 0 ^ n j ;(p-/4)we s e e  t h a t
hco>,r ( u : z ^  »*'V z p.w-) ^  is a  r e g u l a r  f u n c t i o n  o f
t h e  z p . , . R e ( z p .) /  o (t =  1, 2, - , j - v - 1 ) .  A l s o  I ^  r
converges for R^(zp ) r 0 and s0 represents an analytic ^ V C
function in the zp. . Hence, for all r , >  °
9
Icvyr (zp, a P | > ' ' ’ >c \  — r  '— 'J • II J  ^  H  J - U j - /  '  / ■  _
^  ^  Pi ( I 3
=  “  a p; I co,r+! ( z p! ’ z i w  > a p > “  a p.  ^
- M lUi-+> (zr, ’ *“ > ZIW, > zPi ’ V**’ > SPj-w-,’ a>c
for 1 ^ l < j -cJ -1 .
From the equality
u M^l tsh'Zp
e . e
(e"^--l) (eM ^ ~ l )
k/^(2p-2J uh^p uM&t.-'Zp)uM'Zi
= e e + e e
(e'M2‘ -1) (e‘^ ' ^ - 1) ( € ^ - 1) (e“^ ‘^ - l )
we have
e e
/ . , u n -z p  ,
(e -1) (e -1)
u(M- c'p) u (M -Qpfep ^
e
( >~1 ~ L -1) / .K ’ (e )
( e ^ — i ) ’ ~ )
From this we can deduce by methods similar to those above 
that
1 (zi.*'• , » v *’* » zj» a<»— * ai»“- » V  * a1)/-
J 03/2)
= I (zx,—  i zi,»" > zp~ zi, aP+a(i > • > ap’""^a i^
+ I (zx»"“ ?zp>‘ > z(,-zp>'*’ > z j ! ax>'“' > af +\  >' " ai. > '"?aj ^ '
Also from the equality
. u H ^
tcM ^
e -e
(e^-l) (eu M ^  -X)
W H u H ^ - 0  . wM-Zfc
e e + e e
/ u H  _ \ / uH(2i-0 _ \ / w  M2j, v , iA M  (l -2i.; , \
(e -1 ) (e -1 ) (e -l) (e -1 )
we have
e . e -
(e — 1 ) (e — 1 )
(m -^c-^ k) u(m - i)u '
e . e
(euM — 1 ) (e
- 3 i~ u (H ~
+ 6 6
(e"MVl -1 ) (e'''M ( '~2° -1 )
From this we can deduce, using a method similar to that 
used in deriving (jl-12) , that
I (zir* , z^i, z^, z-^ +1, v'^z^q, zk+ 1^ ^Zj* a-^-^a^, ,
ai9 aiA> ak-l> ak> ak+l>“"o>aj)
— 3- (z2 > " n * zl-i * (*~L~ .*) > zt-ti > * ‘ * zk-l> zk+l> ' " *; zj 5
al>">al-i » ai/> a n-; » ak-l> ( au+at<)f ak+, f )
+ i / i i til, ±
//
&15“ i ajcJ at+l ** " y ajf-i * ( ^ t+ ®i<) ^ 0M  a i^
(13-13/
- M~J 1 (-I-Zl )-1 L~!log z^ £, R. (z1.,*--;izt.l , (i-^i,), z t+1 ,
Z k-I f  Z L 9 Z K+l J ? Z j J ^  ][ j " J a ^ ~ l  9 a ^ 9  a t+( > * /’a,K“l *
a +a. « a. « * -*, a . \ «u K * K+f 9 ■ ) -J y
14-. Approximate Values of I for real z-
In the evaluation of I we see by (l3'^ f) and C )
that it is enough to consider every 2^ in the range o < z u $ 1. 
Once an estimate of the error in using
K-! _
w>, or a finite sum involving a number of such 
r'~0 r ’
series to represent I has been found we can then use (j34~)
and//3 7) to deduce the value of the error for all real non-zero 
We will require the following two results .
Lemma II. For any complex z
z 4 2 nTTii (n = 1, 2, 3, ' ' ),
aiid r e a l  'Y
. 0-2 . ' .
e =  2, + \ 2 z  c o s  2 nifT* -  h nIT s i n  2 ^rrt
( e Z - 1 ) z 2 -  ,(z2 +  k h v fra )n~ i
L e m m a  12 ■ F o r  r e a l  Zj , a n d  r r e a l  T , ( o - ^  ^  <T l).
'i'-i -2° K  „  i/
^  ^ ____   = i + ^  t v( r ) ^
(e2 " -1) V M  W
•2k+ l -r->. . 2 K f i
a > J  K k J r )  z ;  +
^  ( 2 K + l j i  ; (2J<+2)J
w h e r e  is a n y  f i x e d  p o s i t i v e  i n t e g e r  a n d
<3> (^ i., 1~)
g£
=  (-6  ( 2 K + 2 )1 .2. \  ( h n  n  y  C O S  2 rr -f
R  fr) —  ( ^ t t 2 + ^ 2)
i < I < i ‘ 2 K ^f o r  i ^  v <* J
P r o o f  o f  L e m m a  I I . D e f i n e  f ( z )  b y
f(z) = * " I (Vo) ?
( e z - 1 )
f o r  a l l  y ( p  j)and
f (o ) = H r )  \  T h e n  f ( z )  h a s  s i m p l e  p o l e s
a t  z = i 2 n.TTi' ( n = l ,  2 , 3,'' ' ) • C o n s i d e r
-f-(w) cl tv
2-Trt' j  w  (W-^)
c m
for some positive integer if), where ^niis the circle of radius 
(2tf) +-|)TT centred at the origin. By Cauchy1 s theorem, a»yf a r  
point Z  within the contour
= - 1L21 + f (z) +
z z
^  _ -ZhTTtt 
e ,
n~~m*
. n f o
2t \y r^  (~z ~ Z * n  i )
Yn
+ 1
h--m 
*7*0
For all fn ^  I
-JL 2TT (2m +j-)
2 77 (2 i>/} +jr )TT f { 2 m +i)7r -'i ^ ) j
For any t^  I we have, for o ^  0 ^ «2u 7
i d
I'fSrh + ■&
■£
f  (siha-t TT -C ',v  \
(€ —  y
)tt cogd
r-j--
So that on C,
(2. iV\+ i } TT-e10
(2 m  +
/va as (■'VL '"J?7
. j f (z ) / <T A,
where A is independent of jrt , since O^f^J .
J,w, 0  as „ Hence
sin 2nT 
nrr
\ 2 z cos 2 nTf P - ^ n V sin 2 nTTP
(Z 4- ^TT2 )
and the fact that the series for n > o and n o 
converge separately.enabling terms corresponding to ±  n to be added 
together.
Proof of Lemma 1% For real z^ and any fixed positive integer 
K,
2.
 .. 1__;  = 1 - i + . 1/
, 2 _  2  2  . 2 ^ 2  /, 2 ^ 2 x 2  . 2  2 x  3%n TT + ^n TT ( k  IT ) hn'TT)
K-l 2 K-2 k 21c ( f ) /
" »  + (— 1) Zt, + (— 1 ) Zn —
( t a2r r2 )k
where
o  <  $ /< for all real z ^  and all n ^  1 
Hence jor gome. number'
1>< ft)^  + Q? BaKvi( ' ,
U K )  J (2K+2 )'l
by (ll-lfl and Similarly
<?0
y
h=1
Jmn sin SniTT- 
( z f  +  4 n 2  TT
= Bv-rr). ■j>__ + gsO?.
11 31
+ Ety f p +
51 0 4-2 )
2 k-
B j w  fr> ' gi- + B'iK-H &  3 ■
2 hr-H
(2k-l)l (2k+l)I
by (lr^ and . Combining  ^ : i (i4-’2)
using Lemma I I 7
2 K
z i, e = 1 + B y, ( T"
Ce^ -i; V  - < V !
and
1 21C+X)!
2 Kt2
z.
(2k+2 )T
where, from ( I I'M) and 0  ^  v 0  ■?
:  3 K \ j T )  =  2 ( 2 k + 2 ) ! ( - l ) k  Y "  (to2 TT2 )-k COS 2 n T t r  (14-3J
% W  ( r> nW (to2 rr 2 + Zu.2)
Later, in for example, the f:urt£;tional~
equations in . I require us to extend lemma 12
to -1 < f' < 0 '
Now . _ y .(V~i)z ■
e ______ = e - e .
(e~ -1 ) (e~ -1 )
for all . By using (US') and equating the
coefficients of corresponding powers of z we obtain
Ba(t-1) = B.„ ( t ) - n (f -l)n-1
for all n J/O . If IV* 1, z "? 0 by Taylor's Theorem
for any fixed positive integer ^
i ak-' ZK~'
e = 1 - (1-7- )-Z + (l- >  )Z  _ ( l - >  ) z
11 2 ! . (2k+l)J
/ ,  Ik
(2k )’.
where O  <  $/' ~ 1. In fact-,
)lr . Z K  r— it ps'fr ,,\ / b [ -
0  = ( P f c V =  } (z-t)~'Q e dt.
Hence by lemma (12)y —  for - 1 <* 0^ O
2l< \  V “
i ^  . , X  Q  /''ivl T7
2 e
(e -1) Vl
where
2 kh , ■ Zk*-\ /
.A)~ Cf> . ) P^K+. ( ^ ' ) - V  + P;kt, N '  z ~  0
(2k+l)l (2k+2):
Therefore for - 1 <3 we let
a _-
z *■€
(e2 -1 )
2k
+ d?(z. T  ),
V=< l/f
where
(J (zfr  ) = (j) (z,r z2lc+l
(2k+l)
* K+ 0
+ B 3k^W-- z ( ,9
(■2k+2)*J
and
_ ( D
if o  <  f- < I
< § * (z’ r  )
if - <r T <  (3 • ^
C o  c l  -e ' h - (y) ^  ^ ^  ? ^3 )
6 t ( z ? L , 3 * )  - f o r  r  >  3  , / ^  . 3 * ^ '  3  M >
j ^ I 3 y b y
5 , ^ ) . ^  (zl. z2> al~ » O  * aC  )
- r - * r
Cp (Si z'iu ; 1 - A
* -Y
M Z2U > 1“ &' u • e 
M
du
(eUM - 1 )
a $ p r (Z(/ , 4 , )
<50
.+
Cj) (M zLu ; 1 -  f h  *) * ur~ 3 eu ^ J*~^3) du
K M
o (e
5 ii 60 kc^ 'i f  0 II 0 co s
I N< 4 / x< 3 M - ■ ■'
- 1)
, -a * <: M  (£ = /, 2 ;
ejcp teSSiohS Ip-o. olotc,tr<?cJ .
t - f  - e t ' t h ^ r 1 M 4  I ^ ^ 3  0/ Hi-1 ^ <3-^ ^ 3  M  •
'Throuc^ hctib U>,J2 I'Z'i / = ^V/C^/c) 6 ^
e j i v & n  b  Cj (12-01) , ( J 2 - I I )  3 (12 -12 )  ? ( j 2 - f 3 )  ZXhc! J X ( !  4-) ,
To ■ obtain an approximate value of I^when j=3, u; = = o
and z-^  and Zg are real and non-zero we use lemma (Jl with
K = k, and zj, replaced by u H ’Z^ for 1 ^  Vd 3. Hence, from
lemma J2 , we have for r,J o and all u >  o ^
cz(M~ai)2V
uM ^  p 32
(eu M ^.-I-)
<§ . v
= 1 + V  By (i - %fj), ( M  M ^ )
Z. -  v/i-
v= ‘
+ Cjf) ) B ^  C  ~ ( M 11 "z\) + B ,/, Q  ~~ & 1/m ). k  Ca-O
j ( i o ! )
where
5? = ($ C Mziu’> (1“ at/M))
oC)
2. (10.) J V  ( 4 n 2 r r 2 )“ ** COS 2 n p  ( l - % )
„ fl a ,  • /  — r y r - s -----;— 2- 7 - 27^
B (1 -  p| J ^ 77- ( M u z  +  4 n  1 j )
u>
2 « (l°)! ( ^ n 2 ! ! 2 ) ” 24 cos ( 2 m 7  a ^ / M )B' U “ ■%" ) Z_ _ _ _ -  - 2” ITT.
r/f-5?
n -i (M u z + h n . TT )
Define 0  (zl* z2> al* a2* a3 ) and a ^ ^ s )
for r ^  3 by
a /& . &  (zi, 7-2 '’ ai> a2> a3^
= ( (P (Mzf u? <3}(Mz, u ; ) /^\j ( ^2 ; u) ulg e ^du,
\ (eUH -1 )
o
where
A  (zi, z2 ; u) = f^B* (j - 3,/m ) +-B* d ~ 3 ‘/d ) .M u -z,
H! . io
f B* d'~ aV») + Bfe d~
v q\ ■ jo! /
and
ctr u h ^  > ^ 3)
(p (nZ{,u; 1- . u ) ur~^ eu ^^~~^^du ^
, u M  9
(e -1 )
■where
yl (z ^  ; u) = B% (l~3y^) + B*0 (1— ^Vfi) (Muz^ )
tji 1 o !
We see that
I (ZT« Zp> &TJ 9-rr )
OO
If z 2 9 a l 9 2 * cl3
fl A~~l)
= (Ziz2m2) V^ Zl’ Z2’ al» a2> a3 ^ + E(zl» z2» al» a
where, from . (/4*# »
00^*1., Z2 ; a1( a„, a,) = <Zcj • ^(zj; a,, a3 ) ZL. m2* 3
9
a  cj . <9^  (z2 > a2 5®5 ) ^  M ,
v-i i/1.
. (z r, >j • 0c,tl/(z2; a2» 0-3) +
*  -  -7 „
+ \, b* (1- &z/n) a^,/ . M7+l/q-lV
V--I . 'z !
* i * / " .  z i&  • ® q + „ ( * i 8  a l t  a 3 ) )
9 ^   •* * • -  M'1 14-/
CAi.(zlf z2; a1, a2> a3 ) = V  \ j^j \ K^'3^  ‘ ^
i/,=l V,! v^ !
By two applications of ( 13 /3^ we obtain 
I (z1, z2; a1, a2, a^; $)
= I (zlf Z2—l» ai» a2* a2+a3* ^
1  / S . » -  1 — z 2 ’ a l »  a 3 ’ a 2 + a 3 ^ a
Z2 z 2
(14-g)
?- log Zq , (zi> ^“"z2» z2> al> a3> a2 * a3 5 ^0
 — ■^v^-r-
M ~  (i-z2 ) z j z2

72
+• za
2
+ z ,
V~o
9
’ i g  ; ai. a3 )
M2(zr2t)Q-z2) v_o 
+ ,E (zj-l, z2-l; ax, a2, a + a 2+a3 )
+  ' K  ! a 2 + a  , a 2 . a 1 f a 2 + a 3 )
+ E ( ~Wj“. ^ 2^  > a2> a3> 9-2+9'2+a'5 ^
+  E  (  ^ i f- J ^ 2 a,s > a i ■*'a o*^a »T ). ■ 2i . ■ z, ■ ^ 3 3 1 ^ 3
a ^ ^^ . R3 (zi* l“z2> Z2> al* a3 * a2+a3 ^
m Y -2^ 2*
l o g ( l —z^j z2—1* z2> a2+a3> a2* ai+a2*a3 )
log fel/z? ) T} / •,
2/ . R3. (z2”zl> 1“z2» zi5.. ■a2+a3».'a3»- ai+a2+a3')
M 5 *. 0
Since
o?3
9 ■ <j> (UZlu, 1 - fyjjfa) uy _«_L«----- du
<9^ *, ' ( —1 )
converges uniformly with respect to we have by (j 4- ^ 9 c>ih d
Mz, V  -p,1
and
r-3
zt! u) ( „ u e du
(euM -1 )
a
32,
Mzv u; 1 (z,; u)
2.(10)! Baj (l-<Vn) + 2.(10)! B?, ( l - ^ W / H U Z J
(9)5 B' (l-^ /fi)id Bft (l-a>/M) . (10)!
( 2 2 2 M u z,
oD
(^n^ji 2 ) cos (2n JT dio /m)
I (M2u 2 z 2 + ta2 TT2 )2 rr-2 \2
• / 2 2X~ ^
+ 2(10): Mu,B.^ .(l-3^) \  (^n Tf ) cos (2n TT /m )
(1- ® ‘/m) ■ (10)! >^ 1 (M2u2z 2 + hn^  1/ ^ )2 .rr 2
/20b: (I-^/m) + 2 M u z J  2M2u2^  V  ( ^ n V A o s  (2n FT SU /m)
\ B (; (l- ^ /m) J n-( (hn2 TT 2 + M2 u2^ u2 )2
cx5 -4
+ 2Mu (hn2 jr2) cos .(2n7T /m)
/  /, 2‘ 2 ,,2 2 2 N—  (2m  TT + M u Zj_)
' s  o
Hence , for ) 6- J ? r / o
ia r X )  © k (z^J >iIs’ “i,*
r?
B '' (1 -3i-/h)
10 J
r~i
^c< ('m2 rr2 )6
u
u(7^  
e du
/ U M  v
(e -1 )
-f
c>3
fcZ>
r
u
oa.
+ 2M Ur-2
fer (w  n  2 )5
Ca(H -&3)
(e -1 )
u  (M-&3) 
e du
/ UH %
(e -1 )
du
Hence
-j«r D <3v(z. ; at , a3 )|
< jtOM^.B* (i-ff) 
Bio 0 - | )
a r-iZ (12)
(4nf
* 'l M3 ? . £  (10) Cl r*3 + 2 M _ ^ ( 10). a
2 16' (4P2-}
N-t
If we use
2.V
(27T ) B. = 2 (2 )^!. ^ ( 2^)
f o r  a l l  V7/I , t h e n  -/O K  1 * 1 s  J /
c x ^  D  & t. ( z L ; a^, a3 )
S . P g  ( l - a ^A-)),M . B g . C t
+   !--- . M 2z 2 O r - t - 3  - t  * j y L . - < Z - r + >  (
5(9)1 *• . (10)! . j
In this section, for hreudy, we Tfeetu^  / e~t
~Ov - Civ
~ f  o r  SLII I/ >  0 '
Then
-7 (
M  ) z2~l» a lf a 2 , aj+ag+a^)
^  I
/  7 —- j
+ 6^ 2 ^ >"*27 * a2+a^» a2» lai+a2+a^)
t ^ 2 ( ~ 2 ^  pj1 * al9 a3> 2 1+a2+a3 ) .
+ ^ 2 f c ^  » a 2+a3 , a3 > a l+ a 2+a3 )
0
= {z'"^ 'i')' ^  (zl-1» a!> a^ +^ag+aj)
+ W " 1) , 6>q (z2-l; a2, a1+a2+a3 )
I z| -1)
+ , (' ~2' T a2+a3, a1+a2+a3 )
z,7 (z -1 ) V
+ K  -I)8
Z2 (1_ZI )
6 Y ( j f - '  a 2 »  a l + a 2 + a 3 )
+ (z, - z, )8 . (£Tl /2J-7, . * _ v
,]  ( l - 2 )  1  ’ ' •  5 l * - 2 * ‘ 3 >
(l - z )8 © a A - ^ 2- a, -> \ - - 1----  a  q  , a3, n + a2+.,3 )
z2 (zx~ z2)
(\ 4-10)
■1^2--- ^ 2 —  . ©c, ( ^ 5 7  ' a2+a3> al+a2+a3)
(\ ^ 10)
zl (1“z2 )
i i  ~ ~  (9c? ? a 3 ’ a i + a 2 + a 3^
Z1 ^Z2~Z1 ^
For any real z ^  (3^(zu) satisfies the conditions of the 
mean-value theorem. Hence 0 \-)6) becomes
Up-!)9
(z18-l) . (z2-l; a2, a1+a2+a„)
+ ^ l " 1  ^ (z2“~1 ) - D j a2> al+a2+a3/)j
) (z-,8~zQ8 ) , (9) q a?y ax+a2+a^
zM  (zi-z2 ) (  '
+ z2 (l z2  ^^ Z1 z2  ^«39 al+a2+a^
zj 
9
+ • © q  (z-,-1 ; a  a j + a g + a j )
(zp-1 ) 1 1 1 - ^
where
_/_//_/'/' —  ////
z , z, z and z are numbers in the intervals
Zg—l j z2—l > /l—z gj 1—Zg 1 ~ Z1—z2
i / Z2 Z1
and
1*"zl * z2~zl
zi zx
respectively. So the above
expression tends to zero as z^ 1 and z2-2>  1. It follows 
from that ~tU ^  J2. Y V'OY' 'Y>\s i\yi()4-%cl) all ■f-ewf to ■2 5rO
Since
lim I (Z-^ f Zg; a^, ^2* ^3 * ) — j^_9 *^2f *^ 3 ’
we have by Th&i
where
= lim J log z2 R3(z 1 * 1“z2> z2’ al» a3> a2+a3 )
z  ^  ,
zi^  J | Xl-Zp )ZlZ2^  1 L *>±4
+ log Zl . R (l-Z]L> z2-l, Z1 ’ a2+a^ , &2 f aj+a2+a^)
i(zi(l-zi)(z2-r)
+ log ( y < )
Fi"[T-22 )'("z2-Zl) ' "5 '“* “A’ * "X ’ “X ' "Z “3^3 (z2“zl t l”z2* Z1 ’ a2+a3»a3* al+a24'a3 )
= B, (1-Vm) + 2B, (l-^lSs)
- D, ( l - f f ) . B ( l -  ^ - )
+ B, (l-|i)o (1- 3«±§!i.)
In particular, if a-^ = a^= a^= 1, M = 2,
^  ■- -i~ ' ' i f  = '  c"/x i"
Illustration of the method of calculation of 
I (l, 1; 1, 1, l) if M = 2. By ( we have , Wifk J
^  (3)
- log jV (Yl )^- i log(2TT) + + log 2 )^
= - log 2 + log jj (i)j- i log terr) + + log
= ~ 2 (log 2 ) +
= 0 ^ 3 0 6  4 *
Also by (l2-/l) j (/2-12-)
~Ci. =
= 22 - 13= (YZ ) . (log 2 - 3/2 )
3!
+ 22 D Y  (“2, S/Z ) ~ -f 22 B3 (1- s/z ) _ _
2 B2(3/z ) (l - log 2 ) 
21
- /*2 B2 (1- S/x ) 
1!  2 !------
For Re(s) 'P 1 and any positive i n tegers^ QLIld
i r - t
Y  = j"(s, f )  + X  (<%'+ ^)
-S'
O^'O
where p = IT . This holds by analytic continuation for
all s (s/l). Hence
'l (s, y?.) = .$>,'*) - 2s
for all s (s^l). For Re(s)<" o the functional equation 
for ^  (s, |-) is
cxj
^  (s, J) = 2sTTS Td~s) siri(^1Ts) (Y, nS_1 - (-l)n 
= 2s 77 8-1 F a - s )  S l n ( i ^ ( 2 s-1) J ’(l-s) Y il) 
since for Re(s) o?
(1 - 2l-S). ^(s) = J  .
( n s
Differentiating both sides of (i-i i) with respect to s and 
setting s = -r, where r o we obtain
©O r/)
/  J \ U \  —r - i
D 5  (-r, i) = \-$jr sin(J rTTj'ir A cos (hrTi)j% ^  (-1) n
+ (- sin cl rrr)).c/ ^  n* (-if I , (ik-lk)
1 °^  J S’=- Y'
where
k y .  -  2  r ji r (r l) ( l o g ( 2 T i ) + V" - ^  I/- 1 )
Hence by (ify-jl)
^  / / // \ ^
D S (~r > i') = \A r -sin(i rn) -  A y .  . cos(! rn) J ,(l-2- r ) . (r+l)
+ kf. (-sin(|- rv) 5 2-r ^(l+r) log 2 + (2~r-^ D ^ (1+r)'
with A., A , A defined in (J &'&) ® 
r y Y ■
Therefore •
1> $ ( -2, I) = Ap  {2/A-) .. ^ ( 3 )
= 3 _  ■ ^(3) ' •
6^T72
Hence (Jy lO
D ^ ( - 2, |) = 3 ~S(3) —  i (log 2) .
C4-TT 2
Also,
D ^(-1, i) = i- Afi) . %(2) —  A," £ i ^(2) .log 2 - 1-D ^ ( 2 )
!i  + 1 ^  ~  (^~ i 0c)2~
4 n2 ' ^ '
= j J -  f t  C2) (U o jT T  - r  Y ' - l )  ■+
Therefore by (j&'ll)
- A l ' s w a o j T T . r - O - i  V ' s m l - y y
4 Y (  " J
Calculation of Oil* LO~e h&VQ
" Z 0 - ~ 2/ 4  ^  3 ( y d ; 3/z) -e'i Y
=  “ ^  +  3 'S&AiZ-rV +. ^
J± (1 - log 2 ) - 2 D ^  {-1,V2 )
/ZL
= O' 4-32 GS .
Also,
^  - - 9//^  ^ =■ - 2 (>7 .
Hence we have, for M = 2,
I (1, 1; 1, 1, 1)
— 7 1 . *—
4  $  1 ^ 2 .4
O' / 4- <7 "7 4-
2
We define ^  as the positive root of t + ;t-l
A = !_. (/§-!)■ When
2
o <f zj ^ z2 <? A  b y f / ^ )  we have I
where
/ e x
— 1"'z2> z2> al» a3* &2+a3) • 1°S z2
M3, z^jZ^l-Zg)
where
7/
+ E ,
E =• - E(Zi, 1-"Z2 ; alf M-a2, a2+a^)
+ E/Zl > 1~z2 > al> a3 > a2+a3) .
\ z2 z2 '
If we let z ^  1 in we obtain
1 (Zl> 1 > a2 * a3 '
■9
1 v  V  ^  X- 2~
M z
1 V=
7  X C 9^ 9^ '  ^ Zi; a i)
+_L jB 3 (1_ a,/ M  ) zl + Ba (1- V m ) » B| (l-V*-^ ■ zi
+ B , (1 - % ) , B  (\
.//
where
+ E 
E
X
//
V
lim E .
—  Yv Cz]_» ai)
s-v'
- l i m  ■§. fe, W (z1?/-z2 ; a1( a,) - W (zj, l-z2 ; alf M-a2 )
•2 ^ /  S
= lim j 1-ZgJ aj, M-a2 )
-z^ >l L
l-V
- (2-V) z2 w (zj, l-z2 ; alf a5 )
“ Zp c/ ^ y( Zj, l-z2 ; a^, a^ )
= (|/-2 ) Wy(Zl; & 1 ) 4-
+ lim \— ^5 Wy(zi» 1“z2> a l> M_a2)— 3vy(z^, l-z2 ; a j» a3^C,
^  I  <7^. ' J
When A  2- ^ we see by (13-/3) j f/3/B) and Q4'~l)
that
I (z.j, z2 ;a1, a2 , a- ) •
i(j2-i, 2ar^-i3 a,+a2JaJ2a3>)
+ l(z2 , z2~z2 ; a^+a2 , a-^ , a ^ )
= l( z^, z2—'Z^  j al"^ a2 * a2 * a3 )
- I(z2, z2- zx ; a1+ a2, -M-a2, a )'. t ■
Hence by
I(Zj^, z2 ; a 2 , )
2
X Y v (ch) ■ wv (zi’ Z2~ V  ai+ a 2 ’ a2 ’ a3 }
z, (z -z )M^ y~T 
1 2 1 F-o
B
— 1 — — 2 \  ~  /a > . l4V (z2 > z2-zl5 al+a2 » M-a2 , a3 )
* z 2 ( z 2 -  Z 1 )M  /
V — 0
. ~/// 
+' t  c
where
^  VE = E (z^, z2- z^; a^+ag, a2 , a3 )
- E (z2 , z2- z1 ; ax+ a2 , M-a2 , a3 )
From and we have
I (zi, z2; ai, a2> a3 )
zz I (X-Zi, l-z2 ; M-a^, M-a2,
- I /l-zlf 1-z2 ; a2+a3 , M-a2 ,
 ^Z 1 zi
- I(7j2~ Z 1 , l-z2; M-aj, aj,
V z2 z2
+ I / z2“zl > l” z 2 > a2+a3’ ^3 *
\ Z 1 Z1
log +CM
N
zx, l~z2 > z2 ’ al*
log z1<9R3 ' (l-z1, z2~15 z1; > a2+a3 , a2, a1+a2+a3 ) 
/1^ (zi(l-zi )( i~z2)
log ( ) • ^3 (z2-zi, 1—z2> z^ > a2^"a 3 > a 3 > al+a2+a
^ z 1 (l-z2 )(z2-z1 )
Hence if 25 "2/ ^  ^ by 4^*7 J we hav.e
l(z-i, z2 ; a-j, a2, a-r)
(l 4~-1 b)
9
l
"2   (X\j X  y ( zl> z2 > al ’ a2 »
* ' A
+
M (z2-Zl)(l-z2 ) .-Z-- 1/
/* X y ( Zl» Z2 ; ai> a2 >
log z2
n 3(l~z2 )z1z!
r 3 (zi, l~z2 , z2 ; a-^ , a3 > a2+a3 )
lQg Z 1  . R„(l-z1 , z2-l,.z1 ; a2+a3 ,a2 ,
^ z 1 (l-z1 )(l-z2 )
. log ( )
z ^ l - z ^ i z ^ z ^ )
' r 3 (z 2 z ^> l~z2 > zx * a 2^*^3* a 3
////
+ E
where, for c> ^  ^  ^ ;
/
^Z19 z2’ al* a2* a3 )
= ■ W ^  (l-z1, l-z2 ; M-a-p M-a2 )
l-V
- z1 ' V v (l-z1 ,;l-z2 ; a2+a3, M-a2 ; M)
//
^ V  (zi> z2 ’ al> a2 » a 3 )
— z-j^ \^/ (z2~zi» l_ z 2 > a2+a3> a ^ )
2 - V
2 ' " Vz - ' ^ | / ( z 2 ” z l y ^ _ z 2 ’ ^ “ a l> a 3 )
a3 ) 
a^)
al+a2+a3 ) 
f a 2 + a2‘{’a'r )
and
//{ m
E = E (zx, z2 ; a x, a2, a3.)
E (1- ESJ M <* f—
1 1
l-zl, i— z2 ;
Z 1 zi
z2“ zl> l-z2 .-
Z 1 ZX
z2~zl» i-z2 ;
• z 2 z2
L~l
By letting Z2~^> zj in • (l4-'!6>) we have for 45* ^
I (zlf z1 ; a1, a2, a3 )
\  _  . . /
2M 2 /  ^Zl’ Zl ’ al ’ &2’ a3 ^
v
l/~o
- log z, * Il^ (z-L> 1-z-p ; a-^ a~, a2+a3 )
M 3f l-ZiJzjL
' Q >^7(1 ~zl> Z1“ >^ Z1 > a2 + aV  a99 ' ■*"&})
m3(i-Zi) j 1 1  ^  ^ 2 ^
+
B1 ^1— ( & £ & i % ^b-E
where
If we let ^i
_  '"' U K
E = lim E
in ^jq..J6) we have for ^
l (l> z2 ’'al’ a2 ’ ^3  ^
' S'
£(
M (l-z2 ) ^
1/
c)_X]/ (zi, z2 
3
t i d - z 2 y
a
V  - o
1/
//
X v /  (1 , Z2 ;
log Z 2 R^(l, 1 —z  , z  ; a  « a _ .  a
------- « 3 V 2 2 1 3  2
/7 (1-z2 ) z2
It (z0-l, 1; aQ, a^+aQ+a„)
w  X _J3 V 2
- log z,
Z^U-So)'
It (z —1 . 1 - z . 1 ; a - t - a a  . 
3 2 ’ 2 ’ 2 3 3
•**////
+ E where E
* it/
lim 
■2)-TV
x  < 1
a„+a^+a 
1 2
U K
E
From the definition of Ct^(z-^, z2 ; a^, a2, )
we see
/E f/ <  C1 -f C2 z f 1, for o <  zx ^ ' z ^  ^  7 
where C-^  and are numbers depending on a^, a2 , a^ hut not
on z-j^ or z2 * A similar expression holds for the upper
/ /// )U m t
bound ofjE j. Also from the definitions of E , E we have.
/g u / <  0% 7 A z2 < z1 ^  A <T z2 <" I t, 
and /E //// / <  7 for A  <  zi z 2 <* 1 *
where . C^are independent of z^ and z2# Values for these 
upper bounds were obtained in section h of ( IP for the case
when a^ -= a2 = a^ = M = 1. Because of the involved nature of 
the expressions for the error terms numerical evaluation of the
upper bounds to the error terms for other specific values of
a^, a2 , a^,.M has not been attempted. The choice of A  
enables upper bounds for the error terms to be calculated more 
conveniently. For example cov\£\c\-ev •
CO%- QUZ ('Vz* >(.‘~XU/z2>
o < 'Z' <" A <f 2 1 <: I - Ok-en '
n
i
—  / . .  ^(' a. ■ ^  ^  - M
^  Q  cj(^  l/^ 2. ) > ^ 3y* V Zz J
|Ul| < [a. 6>, I a9- | * M
fl ~ A >
^  c  ^  +  C  A'V*. ,
s / n c-c ~  I
Upper bounds to the error terms in the finite series
j
representation of I w r may also be similarly calculated.
;^f , is suck' fk at ~ I • ftpd't iS ohly
f
one parameter involved) then expressions give ~£cju}v with
an upper bound to the error which is independent of the
particular involved^ The method • is similar to that used 
in (*%) where the case =r=o j = 2 was considered. If
2 (at least two parameters involved) then expressions give
/ . '
1^  y with an upper bound to the error terms which depends
on .the zr  The method is similar to that used for the case
when to =r=o, j=3 .
An Exact Formula for I
In this and the next section we assume that every is
real and rational. From a n d 3 /2) it is enough to
consider the case when o <  zL <  1 . (b = l, j). We- set
z = k-l, lc+1, ' " j j )
for some fixed k (l $  k S j), where the are positive intege
such that (max q^ ) = q^ and g.r.d. (q-^  y. - * , q^ ) = 1. If
we now transform the integral I defined in (I hi) a n d  Of* 2.) 
by setting u = q^^r we have
■■ob
+ (L*MJ )— 1 R,X .\j(eV - l )-1 - qk (eakV -l)"1' dv
where
IV = R* (qi." • » tli! ai» ai) 9 'for Uy/° >LJ ,
We then write
i * -1 4?
J (q.'1 > * “ * t Qj ) + ( M L  ) . R_. . log q^,
where
J--(qx»*v > qj) = J . (qx> • -* ».qj; aXf aj)
ac>
- \ y/j(y) dv, and
Q s - 1)
f v m  ^ 1 \I,. <e - 1 )
) R , v + UJoi
(e^ -l) J
We Let
/*<£)
F(s) = \ vs • (v) dv
•^o
for ine (s)/ <  l. Then in this region we see that F(s) 
represents an analytic function of s. We can extend the 
definition of F(s) throughout the s-plane by analytic . 
continuation. In particular, lim F(s) = F(o) = j(q^,- • , qj ). 
We now let A  be a contour in the v-plane which starts from + ^  
on the real axis, encircles the origin once in an anticlockwise 
sense and returns to + oO on the real axis while not 
enclosing the poles of ^(v), (v j o) that is the points
v = 2ft TH>
q, m
(L = 1 , 2 , •*) j ; n = il, ± 2 ,*** ).
If we take /arg (~v) \ ^  11 
and s ^  o,
on &  then for /Re (s)/ <T 1
2 L . sin (sii).F(s) = ^ ~ V )S‘ ^  dv 0 si)
(-v)
s—1
J, l-l
Is> 
vCM-HiX
(e hHi‘ -X)
•1 A
dv - (L Mj )“ Rj-i (-g)-- dv> 
(ev - 1 )
4
where the two integrals on the right hand side are regular 
functions of s ? s&nde
J ( ~ v f +S  ^ 1 dv = o, for o °£ $ j-1.. /fR^s)^ <C 1.
Jb
To show this we see from Cauchy’s Theorem that
, vof’^-s— i— 1
V ~ v ;  ° dv = o, where -sfe is the contour
&
shown helow
cot\,'fcou,r A
&  is the contour of (iffl) and Jb is a circle centre v=o, 
radius R ?slit along the non-negative real axis. Now
^+s-j-l isb\ (~v)
4
dv R
J-!7
. e
o(+%e(S)-l f
*  R • -I: 0 - «<£ ■
o asR^ofor all finite s (/fRe ( s ) / <1) since
o £ j-1 .
By analytic continuation^5*3) persists for all finite s
Now
s
(—v ) dv = 2 I. sin (st$
(eV-l)
v dv
(eV - 1 )
4
= 2 v - sin (sTT) . T(s+1) . ^(s+l) j
if Re (s)^ o. On a small circle J^j11 of radius £ , let
4rrrr& n
(-v)
w
S-i v'(H-atVxl
dv
L=l ' (evr1^  -1 )
j£>
= 0 i 8 s»)max 
[lel^ TT
-.$(h-a<,)^ cos0 - 0.87n.(^ )J
e
(e ■1)
= 0
_ Q-l/
1*1 .
(e -1)
S-J
= 0 ( £ ), which tends to zero for all finite s,
if Re (s) >  j. 
Hence
(-v)
IS I
oO
= 2 i^sin (sl/X \ v
s-
CvJ>
i v  
- 2_  ' *
dv = 2 i sin (s$)A v
S“l
td
e ________   dv
(eVH% - 1 )
cO
dv
hi'-o
cx>
= 2 t-sin (ST.); ) -  7
n (h,M+ 8k)^tS
v e dv
hp o
= 2 jp, sin (sili •
s-1
w -w dw
hi = 0 hj r o J {p n M -  B , ) % y
where
d = d 7 Q . ) = L
\ t-< 1=1
and / <: <: <l~’ I* , (1 =? I *■ j). Now
the coefficient of t n in (l -t)“J is ("j-i / *
In the product (l+t+t2+..•) ..•. (l+t+t2 ..#) to j factors
any terms from the first, second, ...j factors may be
■ =^j / *^2 f J
represented by -fc , t y - - t  where o /
are any of the numbers 0, 1, 2, —  • , n. If the product of
n
these terms is t ; «/, + c*'3 +.*••. + = n. Hence the
coefficientofr is the number of ways of partitioning a positive 
integer n into j, not necessarily distinct, non-negative 
integers.
So we see that
= 2 - i ; sin(s|j)*« ^  (s );
for Re (s) /’ j, where
^.(s) = ; (s; aj.^a-j) = ^  j^ F, ( K M+a<- ) 9j,j * (t^
J h f - o  h j~ o
Hence, for Re (s) >  j , s ^ o
F(s) = .^ .(s) ' T 1 (s) - R ^(L^M3 )-1 - T (s+l) < ^(s+l).J J
Later we show that can continued'analytically over
the entire s plane except for the points s = 1 , 2 , 3 , ' ’* ; j.
In particular, near s = o ,
F(s) = T(stl) |  <T.(o) + S.D 50 ( o ) -
- (L j"1. Rj . (l+ V* s ) + 0 (s2 )
Since F(s) is analytic at s = o we deduce
( o ) = (L*Mj)_1. R*. ■ O 5'4')J J
Therefore
F(O) = lim F(s) = J(qi, • - q.)
s> 0 .
= d %  (o) - a V r 1 ^ ^ .  o p s ) -
To find an expression for D J- (O) we see from (lS"3) that
J
for Re (s) >  j ;
C* Ot>
(L*M f  . <T.(s) = Z  ' " Z L  (L*M )S j l  (\M*a u ) q J  
J h|” o Kr- o , iL J
06 z*Q
■ L  ■ 1  I  i  k % 4 , ^ m -
h,-i Jij - 1 1 M
for R e (s) 7  j. .
J-, *->■
/ n f j - »
■=
1
V v) - i , (J-0 < r=
f(n+d)+(r - d){ n  2T ■ •f ("+*9" (,s - ^
T y-o
where
x 7 ■ . 'U )  are polynomials in d of degree 
j-r-1 . Therefore, by (iS'lJ and flS'S)  ^ for R e ( s ) ^  j
V,c O 1/4-0 - ~  ^ -  e
So that
.i-i'
(i7 m)S . ^(s) = y ~  y  ^(s-r, d) . (tS-l)
r - o
X  denotes summation over all those positive integers
^ v-f
for which l £ Q, v ^  I . ? and
1 5  ^ L < j. By analytic continuation (i$ cl) holds if
s^ r+1 , (r=o, 1 , 2 , j-l) that is, if s/l, s^2 , * , s^j.
Therefore 'X (s) is an analytic function of s except
\i
for these values. Hence -ft-om, ( 1 5 1 )  ,
D X  (o) + 7;(o).log (L*M)
0 J
___
= )  5 L  X . D  5 (-r, d)
d r ~o
So by ( 1 5 (»5-5),
I = (M^L ) % R ‘..(iog^K - - log (L*M)) (\5'l°)
0-1
+ ^  y _  j C  . D J  (-r, d) _
d
From the definition of d in (js>&> we see that 
o <  d j - J  (M-at ) 'u/(ML*) ,
where
g
0 $  T  (M-ai )% S fN-l) .1 .
*=' (ML*;
For each d we define b = b (6 ,,—  jdl .)
J
hy
h = d d
; Ti
*
so that
„ - 1  v -
o <  b <  1 - (jWL ) • 2. (M-ai.) <&[, .
for every to. When Re (s)_> 1, k-l <  d S' k (k > 2),
K-l
^(s, d) = . ^(s, to) - 2 1  (d-L)"s
since hy (is-ii) s h = d - (k-l). This result holds hy analytic 
continuation for all s ^1. Hence for r> o,
k-l
D ^  (-r, d) = D ^  (-r, h) + ( d l o g  (d-t).
cT|
Let denote summation over all these d for which k-l <* d
k = 1 , 2 ,’ • ,
the Cf in
j - Z  (M-at) <^/ML
* By the definition of
where fZ&
4
k = j - (M-aj,) S^/ML* , and
u-l
y~ denotes summation over all these integers j
for which
1 ^  S u  ^ .1* % '  y i J
and
r-n ^  -  ( is-iz)
Ik] <  d k .
Hence ky f/5-i2-);>
b = d - d
where
[ k ] ^  d' k - l .  Since [kj> k-l it follows that no
d satisfies Hence the sura ' is empty. Therefore
J ~  T I c^ - D  J  (-r, d)
ti r=c
J-'
= ) )' D jT(-r » t>),
where -ST denotes summation over all those < S , G
c\ 1 . J
for which
We can summarise this result in the form of a theorem
Theorem £  ' If 0.. are positive integers such that
max (qt) = qk and„(q, , ••• , q ) = 1 then
J
i(qk q,, - » q* I*-. » < j; V " -’V
= (m Jl*) R , (log q - \2 - log (L*M))
J ^
(l S'li)
V
4- H  $ ( - r , b ) .
3 *'=c
The theorem follows from flS-iO) and (i £'
The double sum on the right hand side of (1 S’lA-) can be
evaluated by using the functional equation of J(s, b) for 
R(s) C 0 ,o < b  ^ 1 and differentiating both sides with respect
to s. Since each is a polynomial in <d of degree j-r-1
we find that sums of the type
* ■__________  , O0 _ .
S ,r -k 2 Trc/nc v  V r -k 2 rr^hL
k__ 4  n e ,__2 ___  2 __ d n loS n e ,
M5‘ d n=. a*
for k >  2 and r >  O require evaluation. The problem
is discussed fully in sections 6 a^ cj 7  of (ll) and because 
of the similarity in the results the details are omitted.
We see from (iS'iM-) that
where
b" = 2  at/M -L~l
and ft e k" arc defined toy
j-'
'1 % / M  -> :
|(t -  | a # +  0  •
In particular;
y, i, cf . (-d1-1 i t  ( £  a / w b  •
J"1 G-1 \ to-l . /
If a^ = a0 = .... = a. = M then
are Stirling1s numbers of the first kind, and
b* = 1 .
We can use the methods in proving theoremS’to obtain 
similar, formulae for the more general defined in
(l2-C~j J; (il'lS) c i n d ( l M 9 )  , This integral is not in general a
symmetric function of the -1 parameters 
However we will obtain expressions for I [u r
u>~f
in the case
when a = a,Pi ~ ~f2
symmetric function in the zp
= ap = a. Since I is now a
J-W--1
the parameters may be
denoted by z ^ +; , •- , z. without any loss of generality,
J
We let
n H
L*
//
- q.tu*l ?
d t?-15 ZZ j
|i=cu-+| J
and
■by
// /> 
b = d
n*j-cO -1 
j- CO-1
•/ v-lj
(l  ' :)•
i-co-1
I
//
°l~
<1 (n+d )
We also define
So that are polynomials in d n of degree j- U> -q-1.
a
We now state Theorem b If q ^ f| , q • are positive
integers such that max q = q. andA (q *q - )  = l*'
iorfiWi  ^ 3 J 2
then
to-K
+ j r . y ( t s- i s)
a
d"
r-io-«■f6r r  r^ .
A  th) >  J  ir' ~ v 9
+. ( r - ^ - 0 - (P ^  k  )
<1- DHV/r(uv\ , . . ^
/ & •
■for- to < r if j? 9Mcl for »* J + I }
(IS--I-7J
for
i-u,
-t ;/
cT ^ = c> 
i
Proof of Theorem6 From the definition of I ~-....   , 1.1, i n.■».■■■■■ ■■, , i . . —— W/ »r
o -5* p ^  j in [j 2-I&) fa'P obtain
co -r
q, • = q
to-r
cO
r-Od-i
V
/ v^ nai v(e -1)
I (q~' q . ,co^ y • 1 uj4( ' qL;a)
0 -'
A// 4
_/ / c?{f f-J-J //■*V) STp ■ /T
(ev - 1 )
dv
( M l  ^ ! /
[L l( ) • R • - log q,,
J-r ^3
"by setting u = q.v. We now let
J
&  ot, , j
-s
>= H " '  2  hlM+a).q(
h . ~ i h; z i v
and by an argument similar to that in proving (IS'S") 
we can show
■ * r r- C
where F(s) is an analytic function of s for /R (s)/<T 1 .e
For R e (s)>  j - r ,
F(s) = I (s+ r - u> ) • ^  (s+r-w)
J“U>
- I
- ( L ^ M M,) \  R*j-r • T M s + l J  J  (S+1 )
We deduce from(/^^by the same method as that used in the 
proof of that for R e ( s ) ^ > j - r
, s+r-co V  / x
( L  H )  * S. ( s * k t -  )
j-U )
,//= y w <//]T(s+r-u:!"q’ ■*") .
First, let r ^ co . From (l&zo) we see that ^  (s+r-i
j-co
is analytic at s=o so by
F (s ) =  <T(r-to) +s . D X  (r-co )
s (s^l)» • (s+r-w) ( J u> &
- (l*/yM  ^  J. £*(s-l) • -• (s+r-co)(i+ y  s) + Q ( & ~ )  
near s=o and as F(s) is analytic at s=o,
^ ( r - c o )  = (to-r)! r}..; ,
and
(is-1 «r
)
)
(tS-r 0
to-h
F($) - = (-1 ) '. D W ^ V ^ ' V  , I f 1- /  & 6 - X X - )
Xco -1 ) I ,y' r  Vl= ‘ J
By analytic continuation f/6 -ao) holds for all s except 
s=k-r+l, k-r+2,*- , j-r. Differentiating both sides of 
with respect to s and setting s=o we obtain
(L*^ M $  (r-w) + X  Cr-w).logXJ,/'M')
( J-w x w  x
f-o-i (1&‘2 3J
= y ~  d X  (r- ^  -q; t>/X ) ,
du ° » / /l* \
and so .(iru) follows from ( 06"-22J #
For to <  r .< j we see by Q $ ‘2 c) that Jb (s+r-co )
CO
is not analytic at s=o, but has a simple pole there. Since
X(s-H, to* ) = s" 1 - D T  (to"' ) + 0 (s)
71 (to" )
near s=o we have, from ^f£*2<3)that near s=o?
v ^
J. (s+r-u>) = B t s + B/ + 0  (s).
\>
where B\ = zi 1^- >— J. ci"
n ur-y_ iZl*'1 //
Bo = ( X * M  j / ! _  to*) ([6-2 S)
d “
I  • c , - , - ®
U f - w  I
d “
Now from we obtain
H , C, v , . + -i *
F(s) = T(s+1) • [(s+r-tO -1)- (s+l) (B„, s_1 + B 0 )
-(I** M * / !  /??* • ( s - V )  + 0 (s)\ ;
near s = o, and since F(s) is analytic at s=o
* . ,/ /
(r-U3 -l): B = (jR M Z f i j V  , f'i6 X ^  )
and.
■3* V-' 1-1
P ( o )  = (r-co -1)1 (B* + B • Y .  £  )
“-1 ,-ri
' 2 1 )
Y(<y'M*j  n*ir ■
Heno eflSlt) follows from Q6-I8') i fi£ 3. (?)&n d(l& XT).
To prove (\S\~1) we set u = q^ .v in and
obtain
CO-''
q. cu, Y V
r-co -l dv
J-60
for r 3^ j+l‘. Hence the result follows by letting s-^ o 
in (16-20) *■
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